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The unavoidable presence of uncertainties poses several difficulties to the numerical treat-
ment of optimization tasks. In this paper, we discuss a general framework attacking the
additional computational complexity of the treatment of uncertainties within optimization
problems considering the specific application of optimal aerodynamic design. Appropriate
measure of robustness and a proper treatment of constraints to reformulate the underlying
deterministic problem are investigated. In order to solve the resulting robust optimization
problems, we propose an efficient methodology based on a combination of adaptive uncer-
tainty quantification methods and optimization techniques, in particular generalized one-shot
ideas. Numerical results investigating the reliability and efficiency of the proposed method as
well as the influence of different robustness measures on the resulting optimized shape will
be presented.

1 Introduction

Recently, aerodynamic shape optimization is a very active research field facing the challenges
from highly demanding computational fluid dynamics problems, from optimization with par-
tial differential equations as constraints as well as from the proper treatment of uncertainties.
Due to increasing computing power and advancing algorithms, the numerical flow simulation
has reached a highly sophisticated level and is therefore established as an indispensable tool
for the development of new and for the improvement of existing airplanes. Further, the intro-
duction of gradient computation via adjoint approach allows to efficiently evaluate derivatives
needed in gradient-based optimization (cf. [17, 21, 22, 56, 59]). Besides standard optimization
routines, which on average require 20-40 flow simulations, fast optimization methods based
on one-shot ideas are available, too (see e.g. [20, 24, 66, 72]). They have the potential to re-
duce the overall costs of the optimization to just a few flow simulations. The one-shot method
is based on approximate reduced SQP iterations solving the necessary optimality conditions
simultaneously. However, a deterministic approach ignores the fact that there are stochastic
and unknown variations in the problem. The conditions of operation are not known exactly,
i.e. variations of the macroscopic flight conditions like the Mach number or the angle of at-
tack may occur. The geometry itself undergoes unknown operational changes due to wear
and tear and manufacturing inaccuracies. All these deviations from assumed setpoints of the
deterministic optimization may render the supposedly optimal solution worthless, since their
conclusions are not realized in practice. The proper treatment of these uncertainties within a
numerical context is a very important challenge.
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In this paper, we propose a general framework for the proper treatment of uncertainties
within a numerical context for the specific application of optimal aerodynamic design. The
approach is based on an efficient combination of uncertainty quantification and highly sophis-
ticated optimization techniques. Building on previous work, see [62, 63, 67], a methodology
will be discussed enabling robust design for a broad class of robust formulations.

In recent times, robust optimization has become a very active area of research, where con-
cepts of robustness have been developed independently in different scientific disciplines, see
e.g. [4, 5, 6, 7, 12, 57, 60, 61, 71] and the references therein. In the aerodynamic context,
uncertainty quantification methods have attracted a lot of attention so far and are the subject
of numerous studies (cf. [38, 44, 46, 48, 51, 52, 76], whereas robust aerodynamic design, in
particular with respect to uncertain variations of the shape itself, is considered only in a few
papers, see [25, 31, 40, 41, 44, 46, 55, 77].

In this paper, we will give insight into significant enhancements of robust gradient-based
shape optimization methods providing a general framework in order to identify and quantify
uncertainties arising in optimal aerodynamic design tasks, as well as to formulate appropriate
robust counterparts of the deterministic problem and to efficiently solve the resulting opti-
mization problems.

The paper is organized as follows: The first part is devoted to the identification of uncer-
tainties and proper treatment within optimization tasks. Appropriate mathematical models of
the uncertainties as well as robust formulations of the shape optimization problem will be
discussed. Subsequently, we will introduce the ingredients of the optimization methodology,
where the focus is on the adaption, enhancements and efficient combination of uncertainty
quantification and optimization techniques. Finally, numerical results demonstrating the relia-
bility and efficiency of the proposed method in a 2D industrial test case are presented. Further,
we will investigate the influence of different measure of robustness on the resulting optimized
shape providing an important contribution to achieve the desired grade of robustness in design
tasks.

2 Deterministic aerodynamic shape optimization problem

The deterministic aerodynamic shape optimization problem of the following discrete form

min
y,p

f(y, p) (1)

s.t. c(y, p) = 0 (2)
h(y, p) ≥ 0 . (3)

is considered. The variable y ∈ Rny denotes the discrete state variable in conservative form,
which means they indicate the conservative quantities in each grid point. The design variables
p ∈ Rnp describe the shape to be optimized. As parametrization of the shape, an analytical
approach introduced by Hicks and Henne [30] based on parametrizing the geometry using the
weighted sum of a set of smooth (analytical) functions is used. Then, the design variables
are the multipliers of the various Hicks-Henne functions deforming the camberline of the
profile. The proposed methodology for robust optimization as well as the modeling of the
uncertainty sources do not rely on the specific parametrization used. Thus, more sophisticated
parametrizations, e.g. a direct approach (cf. [64, 65]), also fit in this framework. We think
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of equation (2) as the flow equation, more precisely c : Rny × Rnp → Rny , represents the
Euler or Navier-Stokes equation with appropriate boundary conditions. The objective in (1)
f : Rny × Rnp → R is the drag coefficient to be minimized and the inequality constraint (3)
represents the lift requirements, that means h : Rny × Rnp → R denotes the lift coefficient
minus a target lift coefficient.

The state of the art in aerodynamic design is defined by deterministic gradient based design
optimization, where the gradient information is produced by an adjoint approach

df

dp
(y(p), p) =

∂f

∂p
− λ> ∂c

∂p
,

where λ solves the adjoint equation
(
∂c
∂y

)>
λ −

(
∂f
∂y

)>
= 0. Details on adjoints in aerody-

namic shape optimization can be found e.g. in [17, 21, 32, 33, 56]. The arising optimization
problems (1 - 3) are solved using an one-shot approach, which is based on partially reduced
SQP iterations (cf. [20, 24, 66, 72]). In [20], it is shown that the overall numerical effort of the
optimization using the one-shot method can be reduced to 4-5 exact solutions of the flow equa-
tions (simulations) compared to black-box methods, which require over 30 simulations. We
will generalize the one-shot approach to the robust aerodynamic optimization problems (see
section 6) allowing the use of a very efficient optimization method in the robust framework.

3 Uncertainties in aerodynamic design

In order to formulate the robust design optimization problem, the boundary conditions and in-
put parameters are analyzed to identify the uncertainties, which cannot be avoided at all before
constructing an aircraft. We will focus on shape optimization problems influenced by aleatory
uncertainties, which arise due to natural, unpredictable variations of the boundary conditions.
Definitions and classification of errors and uncertainties in the aerodynamic framework can
be found e.g. in [2, 54]. Additional knowledge cannot reduce aleatory uncertainties, but it
may be useful in getting a better characterization of the variability. Further, we distinguish
between uncertainties with respect to the flight conditions and geometrical uncertainties. The
main characteristics of the macroscopic flight conditions are angle of incidence, the velocity
(Mach number) of the plane, the density and the Reynolds number. The uncertainty of these
parameters mostly results from atmospheric turbulences, which can occur during a flight. On
the other hand, we consider the shape itself as an uncertainty source. The real shape may vary
from the planned shape due to manufacturing tolerances, temporary factors like icing or fa-
tigue of material. Since there are so many factors having effects on the shape, this uncertainty
has to be considered in the optimization problem in order to produce a design, which is robust
to small perturbations of the shape itself. In literature, there can be found only a few papers on
this topic investigating the influence of variations of the profile (cf. [26, 46]). The treatment
of these uncertainties within the optimization framework requires a mathematical description
of the variations. In order to avoid a parametrization of the uncertainties, which would lead
to a reduction of the space of realizations, a stochastic approach is chosen. Furthermore, this
approach allows to adapt the model to new information of the uncertain parameter, e.g. if new
measurements are available, so that a general framework of robust aerodynamic design can be
developed.
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3.1 Stochastic models of of the identified uncertainties

The uncertainties with respect to the flight conditions, the scalar-valued uncertainties, e.g. the
Mach number, are modeled as real-valued, continuous random variables

s : O → R , (4)

defined on a given probability space (O, Y,P). They are characterized by a given probability
density function

ϕ : R→ R . (5)

We assume (mainly due to the lack of statistical data) a truncated normal distribution of the
perturbations ensuring that the realizations lie in between the given bounds. Furthermore, the
mean value of the random variable corresponds with the value of the deterministic model.
These assumptions are widely used in order to describe uncertainties in CFD (cf. [46]). Nev-
ertheless, the model needs to be adapted to measurements, if available.

The geometrical uncertainties are described by a transformed Gaussian random field of
perturbations denoted by

s : Γ×O → R,

where Γ denotes the shape of the profile and (O, Y, P ) is a given probability space. The
following assumption

sl ≤ s (x, ζ) ≤ su

is made garantueeing the boundedness of the variations. Then, we consider a transformation
of a Gaussian random field ψ of the form

s (x, ζ) = Θ (x, ψ (x, ζ)) = F−1
s(x) (Φ (ψ (x, ζ))) , (6)

such that s (x, ζ) has marginal distribution Fs(x), where Fs(x) ensures the boundedness of the
perturbations and Φ denotes the Gaussian distribution function. The Gaussian random field ψ
is determined by its mean E (ψ (x, ζ)) = ψ0 (x) and covariance function cov (x, y). Hence,
a perturbed geometry is given by

v (x, ζ) = x+ s (x, ζ) · n (x) , ∀x ∈ Γ, ζ ∈ O (7)

with n (x) normal vector in x. Transformation of random fields ensuring boundedness of the
realizations is a common techniques in literature, see e.g. [49, 3] and the references therein
for more details. In the numerical results, an example of the model (6) in a 2D test case
will be provided, where more details will be given on the chosen distribution function Fs(x).
The methodology suggested in this paper does not rely on a specific choice of the nonlinear
transformation, so that arbitrary transformations can be used to describe the perturbations of
the shape.
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4 Robust formulation of the aerodynamic shape optimization prob-
lem

There is a variety of ways how optimization problems under uncertainties can be formulated.
We will discuss several robust formulations of the general aerodynamic design optimization
problem (1 - 3) based on probabilistic models of the uncertainties introduced in section 3.

In a first naive approach, we consider the general deterministic problem formulation (1 -
3) influenced by stochastic perturbations. For the sake of simplicity, the discussion below is
restricted to random variables. The generalization of the formulations to random vectors and
random fields is straightforward. We assume that the dependence of the uncertain parameter
can arise in all aspects, i.e. a naive stochastic variant might be rewritten as

min
y,p

f(y, p, s(ζ)) (8)

s.t. c(y, p, s(ζ)) = 0 (9)
h(y, p, s(ζ)) ≥ 0 , (10)

where s : O → R is a real-valued, continuous random variable defined on a given probability
space (O, Y, P ) and characterized by a given probability density function ϕ : R → R. This
formulation still treats the uncertain parameter as an additional fixed parameter. As the flow
solution and consequently the lift and drag are dependent of the random input variable, these
quantities itself become random vectors and random variables, respectively. Further, the state
vector y also depends on the uncertain quantity s, so that there is a different ys for each
realization of the random variable s:

min
y(s(ζ)),p

f(y(s(ζ)), p, s(ζ)) (11)

s.t. c(y(s(ζ)), p, s(ζ)) = 0 (12)
h(y(s(ζ)), p, s(ζ)) ≥ 0 . (13)

The goal of robust optimization is now to find an optimal solution of problem (8 - 10),
which is stable with respect to stochastic variations in s. Hence, the main task is to define an
appropriate measure of robustness and proper treatment of constraints to reformulate problem
(8 - 10)

min
y(s(ζ)),p

R(f(y(s(ζ)), p, s(ζ))) (14)

s.t. c(y(s(ζ)), p, s(ζ)) = 0 (15)
H(y(s(ζ)), p, s(ζ)) ≥ 0 . (16)

and make it mathematically tractable. In literature, there can be found various definitions
of robustness, see e.g. [4, 6, 7, 60, 61] and the references therein for more details. The most
common measures of robustnessR are the following ones:

• Worst-case risk measure:

min
y(s(ζ)),p

max
s(ζ)

(f(y(s(ζ)), p, s(ζ))) (17)
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• Expectation measure:

min
y(s(ζ)),p

E(f(y(s(ζ)), p, s(ζ))) (18)

• Mean-risk approach:
i.e.

– Mean-variance :

min
y(s(ζ)),p

E(f(y(s(ζ)), p, s(ζ))) + cV(f(y(s(ζ)), p, s(ζ))) (19)

– Expected excess:

min
y(s(ζ)),p

E(max{f(y(s(ζ)), p, s(ζ))− η, 0}) (20)

The worst-case risk measure may lead to overly conservative designs, so that we will focus
here on the expectation measure and mean-risk approach and provide a general methodology
to handle these measures of robustness.

There are also several possibilities for a proper treatment of constraints in a robust context
(cf. e.g. [4, 57, 29]:

• Expectation constraints:

h(y, p,E(s(ζ))) ≥ 0 (21)

• Worst-case constraints:

h(y, p, s(ζ)) ≥ 0 , ∀ζ (22)

• Robust optimization:

h(y, p, s(ζ)) ≥ 0 , ∀ζ ∈ H (23)

for a given set H .

• Chance-constraints:

P(h(y, p, s(ζ)) ≥ 0) ≥ P0 (24)

with a prescribed probability P0.

Since the mean value of the random input corresponds to the nominal point of the deterministic
model, the expectation constraint (21) coincides with the lift requirement of the deterministic
shape optimization problem (cp. (3)). In contrast to the worst-case and robust optimization
constraints considering the feasibility for all realizations (in a given set H) in the sense of
almost everywhere, chance constraints leave some flexibility with respect to the inequality
restrictions, which are only required to hold with a certain probability P0. So far, chance
constraints are used mainly for weakly nonlinear optimization problems (cf. [29, 34]) and
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are addressed only in a few papers in the context of aerodynamic shape optimization due to
the numerical difficulties arising from the check for feasibility for a given design vector as
well as from the structure of the feasible set defined by the chance constraint, see [1, 58,
67, 62] for more details. Hence, we will focus in this paper on the development of methods
to handle robust optimization and worst-case constraints. The resulting robust aerodynamic
shape optimization problem reads

min
y(s(ζ)),p

R(f(y(s(ζ)), p, s(ζ))) (25)

s.t. c(y(s(ζ)), p, s(ζ)) = 0 (26)
h(y(s(ζ)), p, s(ζ)) ≥ 0 ∀ζ ∈ H, (27)

where the robustness measure R is given by (18), (19) or (20). We can state the following
observations:

• The evaluation of the measure of robustness in the objective function requires the compu-
tation of statistics, i.e. high-dimensional integrals, which cannot be solved analytically.

• In order to ensure the feasibility over the whole range of variations of the uncertain
quantity s, the influence of the uncertain parameter has to be quantized to solve the
lower level optimization problem arising in the robust optimization problem (25 - 27).

• Considering geometrical uncertainties modeled as a random field of perturbations, a rep-
resentation of the spatially distributed uncertainties in a finite number of random vari-
ables is required for a numerical treatment.

For these tasks, uncertainty quantification methods are discussed in the next section.

5 Uncertainty quantification methods

The purpose of uncertainty quantification methods is the determination of the effect of uncer-
tainties in the input data on quantities of interest in the output of a simulation. In the following,
a general framework in order to handle the robust optimization problem (25 - 27) will be dis-
cussed. Uncertainty quantification in CFD computations is a fast growing field of research in
the last years, since classical methods are often inadequate for application to CFD problems
due to their high amount of computational effort. The proposed methods in literature can be
classified into two classes: the first one directly applies statistical methods to the simulation
(e.g. Monte Carlo methods, response surface methods,...), whereas the second one solves the
stochastic equation (e.g. polynomial chaos, stochastic operator expansion,...). We will con-
centrate in this paper on a combination of both classes leading to an efficient treatment of the
robust aerodynamic shape optimization problem. First, we will a discuss a goal-oriented vari-
ant of the Karhunen-Loève expansion, which is the most effective approach concerning the
convergence rate (in the case of linear approximations, see e.g. [19]). The Karhunen-Loève
expansion is based on a spectral decomposition of the covariance kernel, hence the covariance
function of the output has to be known which is not the case in most of the applications. Due
to this fact, the Karhunen-Loève expansion is not a suitable choice in order to compute the
statistics of the solution in our application. But this approach can be used to approximate
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the input random field describing the geometrical uncertainties in a finite number of random
variables.

Polynomial chaos and stochastic collocation techniques are the most used methods to prop-
agate uncertainties in numerical simulations due to their computational efficiency and strong
mathematical basis. We will give a brief overview of these methods and refer to standard
textbooks for an exhaustive introduction to this topic, see e.g. [19]. Both methods represent
the stochastic output in a finite series of polynomials in the stochastic variable

f(p, s(ζ)) ≈
Nc∑
i=1

f̃(p) Pi(s(ζ))

whereNP denotes the truncation order of the expansion, P are multivariate polynomials. The
dependency of the objective function f on the state variables y is disregarded for simplicity
reasons, assuming that the implicit function theorem can be applied. Polynomial chaos and
stochastic collocation methods split the deterministic part f̃ and the stochastic part P and dif-
fer in the choice of the polynomial basis and the computation of the deterministic coefficients
f̃ . Stochastic collocation expansion is formed as a sum of multi-dimensional interpolation
polynomials, where the coefficients are determined by a collocation method. The polynomial
chaos method uses polynomials, which are orthogonal with respect to the probability density
function of the uncertain parameters. Stochastic Collocation and (non-intrusive) polynomial
chaos allow to use the flow solver as a black box, which is an important feature concerning
our application. Numerically comparing these two approaches in a 2D test case, we observed
a similar approximation quality of both methods (consistent with results published, e.g. in
[13, 45]). However, the stochastic collocation approach suffers from two main shortcomings,
the dependence of the interpolation terms with the number of collocation points and the strong
influence of the choice of interpolation points on the convergence properties, so that the poly-
nomial chaos seems to be of advantage in our application and we will concentrate on this
uncertainty quantification method in the following. The last part of this section is devoted to
discretization techniques of the probability space in order to approximate high dimensional
integrals arising from the computation of statistics as well as from the determination of the
polynomial chaos presentation. The focus will be on adaptive sparse grids and Monte Carlo
techniques.

5.1 Goal-oriented Karhunen-Loève expansion

The Karhunen-Loève expansion, also known as Proper Orthogonal Decomposition, represents
the random field as a infinite linear combination of orthogonal functions chosen as the eigen-
functions of the covariance function. The approach intorduced by [35] and [42, 43] is a very
common technique in the context of uncertainty quantification and discussed in many text
books, see e.g. [19]. The expansion of the random field ψ is given by

ψ (x, ζ) = ψ0 (x) +

∞∑
i=1

√
λKLi zKLi (x)Xi (ζ) , (28)
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where λKL1 ≥ λKL2 ≥ . . . ≥ λKLi ≥ . . . ≥ 0 and zKLi are the eigenvalues and eigenfunctions
of the covariance function cov, i.e.∫

Γ

cov (x, y) zKLi (y) = λKLi zKLi (x) , (29)

Xi are uncorrelated random variables

Xi (ζ) =
1√
λKLi

∫
Γ

(ψ (x, ζ)− ψ0 (x)) zKLi (x) dx , j = 1, 2, . . . (30)

with zero mean and unit variance, and ψ0 denotes the mean value of the random field. In
the special case of a Gaussian random field, uncorrelated implies independent, which is an
important property concerning the evaluation of high dimensional integrals. The truncated
Karhunen-Loève expansion

ψd (x, ζ) = ψ0 (x) +

NKL∑
i=1

√
λKLi zKLi (x)Xi (ζ) , (31)

converges to ψ in variance uniformly in x, i.e. in L∞(Γ)× L2(O)

lim
d→∞

{
sup

Γ

∫
O

(ψ − ψd)2
dP (ζ)

}
= lim
d→∞

{
sup

Γ

 ∞∑
j=d+1

λKLj (zKLj )2

} = 0 . (32)

So, ψd may provide a suitable approximation of ψ, if the eigenvalues decay sufficiently fast,
where estimates on the decay with respect to cov can be found in e.g. [68].

To further reduce the number of basis functions in the representation (31), which corre-
sponds to the dimension of the underlying probability space, the influence on the quantity of
interest in the output, the drag or lift coefficient, will be investigated, so that the orthogonal
basis functions {zKLi } can be chosen goal-oriented. Thus, the idea is to develop an error
indicator for the individual eigenvectors reflecting the impact on the target value, following
closely [62, 50]. The error analysis of the Karhunen-Loève expansion in (32) only gives the
approximation error of the random field ψ, but not of the function of interest, e.g. f . We
propose to use sensitivity information to capture the local behavior of the drag and lift, re-
spectively, with respect to the eigenvectors

ηi :=
df

dzKLi
= −λ> ∂c

∂zKLi
+

∂f

∂zKLi
, ∀i = 1, . . . , d, (33)

and

ηi :=
dh

dzKLi
= −λ> ∂c

∂zKLi
+

∂h

∂zKLi
, ∀i = 1, . . . , d, (34)

respectively, where λ solves the adjoint equation. The adjoint equation is independent of i,
hence it has to be solved only once and the indicator ηi is numerically cheap to evaluate. Now,
the reduced basis ẑKL can be automatically selected, the eigenvector zKLi with a large value
ηi has to be kept in the reduced basis, whereas a small value indicates that the basis vector can
be rejected from the basis.
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5.2 Non-intrusive polynomial chaos

Polynomial chaos expands the solution nonlinearly depending on the random vector s in a
series of orthogonal polynomials with respect to the distribution of the random input vector s

f(p, s(ζ)) =

∞∑
i=1

f̃i(p) ·Φi (s(ζ)) (35)

with Φi orthogonal polynomials, f̃i(p) deterministic coefficient functions. Again, the depen-
dency of the objective function f on the state variables y is disregarded for simplicity reasons.
As equation (35) indicates, the method allows a separation of the deterministic and stochastic
part of the solution. In practice, one truncates the infinite expansion at a finite number of
random variables and computes the statistics approximately by

fPC(p, s(ζ)) =

NPC∑
i=1

f̃i(p) ·Φi (s(ζ)) . (36)

The theory of polynomial chaos was first developed for the analysis of stochastic functions
depending on Gaussian random variables (see [75]) and later generalized to arbitrary distribu-
tion functions (cf. e.g. [76, 73]). The convergence of the polynomial chaos expansion based
on Hermite polynomials is ensured by the theorem of Cameron and Martin (see [11]). In the
following, we will concentrate on the so called homogeneous polynomial chaos, as Gaussian
random variables are used to describe the uncertainties in the application of interest and refer
to literature concerning the generalized polynomial chaos theory. In order to determine the
polynomial chaos representation (35) and (36), respectively, we compute the deterministic
coefficient functions f̃i in a non-intrusive way allowing to use the flow solver as black box.
Based on the theorem of Cameron and Martin, the coefficient functions can be evaluated by
numerically approximating the following integrals

f̃(p) =
〈f(p, ·),Φk〉
〈Φ2

k〉
(37)

=
1

〈Φ2
k〉

∫
Rd
f(p, ν)Φk(ν)ϕs(ν) dν , k = 1, . . . , NPC . (38)

In the following subsection, we will discuss an efficient method, adaptive sparse grids, to
approximate high dimensional integrals like (38).

5.3 Discretization of the probability space

The determination of the deterministic polynomial chaos coefficients as well as statistics de-
pending on the current design vector and the uncertain parameters are required in each it-
eration of the robust optimization. Since the arising multi-dimensional integrals cannot be
solved analytically, we have to approximate them in an appropriate, efficient way. In litera-
ture, several possibilities in order to numerically compute the required integrals are proposed.
The most common are: Monte Carlo simulation, respectively general Sampling methods, full
tensor grid interpolation and sparse grid interpolation. Their efficiency depends on the dimen-
sion d of the probability space O and on the properties of the integrand. As already shown
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in previous publications (cf. [62, 63]), adaptive sparse grids provide an efficient approach in
the application of interest and can be further improved by adaptive strategies. In the last part
of this section, we will shortly introduce the well-known Monte Carlo method, which we will
use to determine the expected excess (20) based on the polynomial chaos approximation.

5.3.1 Adaptive sparse grids

The idea of sparse grids is to combine quadrature formulas of high order in some dimensions
with quadrature formulas of lower order in the other dimensions in such a way that the interpo-
lation error is nearly the same as for full tensor products. Sparse grids were originally found
by the Russian mathematician Smolyak [70] and extensively studied and further developed
e.g. in [15, 10, 16, 18, 36]. The sparse integrand is given as:

S(k, d)(f) =
∑

k−d+1≤|i|≤k

(−1)k−|i| ·
(
d− 1

k − |i|

)
· (Qi1 ⊗ · · · ⊗ Qid)(f) (39)

with k ≥ d, i ∈ Nd multi-index and |i| =
∑d
j=1 ij . The index ij indicates the order in the

j-th dimension, so the algorithm combines only those one-dimensional quadrature formulas,
whose indices fulfill the constraint that the total sum across all dimensions is greater or equal
k − d + 1 and smaller or equal k. Using incremental interpolation formulas ∆i, (39) can be
transformed to

S (k, d) (f) =
∑
|i|≤k

(
∆i1 ⊗ · · · ⊗∆id

)
(f) (40)

= S (k − 1, d) (f) +
∑
|i|=k

(
∆i1 ⊗ · · · ⊗∆id

)
(f) (41)

with ∆i = Qi+1 − Qi, Q0 ≡ 0 and S(d − 1, d) ≡ 0. The collection of all the interpolation
points

H(k, d) =
⋃

k−d+1≤|i|≤k

(
Gi1 × · · · ×Gid

)
(42)

is called a sparse grid of level k, where Gk = {xk|xk ∈ R interpolation point}, #Gk = mk.
Using one-dimensional interpolatory quadrature formulas with positive weights as basis for
the Smolyak algorithm, the approximation quality of the resulting sparse grid is of order

ε (N) = O
(
N−k · (logN)(k+1)(d−1)

)
(43)

with N number of sparse grid points, considering function classesWk
d with bounded mixed

derivatives up to order k and d > 1 (cf. [74]). The sparse grid approach outperforms the con-
ventional full tensor grids, which achieve an approximation quality of O(N−

k
d ). Hence, the

sparse grid approach overcomes the curse of dimensionality and is an appropriate choice for
higher dimensional problems. Especially in combination with adaptive refinement strategies,
which we will discuss in the following, the sparse grid method has the potential to reach a
high approximation quality with less grid points than the other discussed sampling methods.
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Dimension adaptive sparse grids The main advantage of the dimension adaptive refine-
ment strategy is the fact that one can use problem dependent quadrature formulas in order to
construct the adaptive sparse grid. In our application, the objective function, the drag, is mul-
tiplied by the Gaussian density function, so that Gaussian Hermite polynomials are optimal
with respect to the weighting function.

First, a generalization of sparse grids will be introduced, which allows to weight the dimen-
sions according to their importance on the target functional. The idea of generalized sparse
grids and especially dimension adaptive sparse grid can be found in [10, 16, 18] and [36].
The original sparse grid of order k combines all the incremental functions, which sum up to
order k, that means only those indices are considered, which are contained in the unit simplex
|i| ≤ k. [14] and [18] suggest to allow a more general index set, which can be adaptively
chosen with respect to the importance of each dimension.

An index set I is called admissible if ∀i ∈ I

i− ej ∈ I , ∀1 ≤ j ≤ d, ij > 1,

where ej ∈ Rd is the j-th unit vector. The generalized index set I contains for an index
i all indices, which have smaller entries in one or more dimensions. Due to this fact, the
incremental sparse grid formula (41) is still well defined for the new index sets and is given as

S (k, d) (f) =
∑
i∈I

(
∆i1 ⊗ · · · ⊗∆id

)
(f) . (44)

The generalized definition of sparse grids includes the original sparse grid and the full tensor
grid definition. Then, the sparse grid is successively constructed, automatically computing
an admissible index set in a dimension adaptive way, in the following way: Starting with the
coarsest sparse grid, that means I = {(0, . . . , 0)

>}, and new indices are added step by step to
the sparse grid, such that

• the new index set remains admissible

• the approximation error is reduced.

In the case of direct integration of statistics, we propose as adaptivity indicator to successively
adapt the sparse grid based on the improvement of the quantity of interest

R(f(y(s(ζ)), p, s(ζ))) =

∫
O
r(f(y(s(ζ)), p, s(ζ)))dP (ζ)

, i.e. to measure the improvement by adding a new index to the sparse grid

ηSGi = ∆i (r(f)) =
(
∆i1 ⊗ · · · ⊗∆id

)
(r(f))

and stop, if ‖ηSGi ‖ < ε. In order to determine the deterministic coefficient functions of the
polynomial chaos expansion, we propose to consider the following error indicator

max{∆i(f̃0),∆i(f̃1), . . . ,∆i(f̃NPC )},

i.e. the sparse grid is successively adapted according to the largest error arising in the ap-
proximation of all polynomial chaos coefficients. The idea is to use the same sparse grid
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for the determination of all coefficients, so that the information gained by an expensive flow
simulation, which needs to be performed to improve the approximation quality for one spe-
cific coefficient function, can be used to improve the approximation quality for all coefficient
functions.

Details on the algorithm can be found in [14, 62].

Locally refined sparse grids Below, we introduce a locally adaptive hierarchical sparse grid
approach using piecewise multilinear hierarchical basis functions following closely [37, 47].
This method will be used to solve the lower level problem of (25 - 27) by a discretization
approach. Linear hat functions are chosen as interpolation basis functions, which are trans-
formed to a hierarchical basis, so that the sparse grid can be formulated in the following
hierarchical form

S (k, d) (f) = S (k − 1, d) (f) +
∑
|i|=k

(
∆i1 ⊗ · · · ⊗∆id

)
(f)

= S (k − 1, d) (f) + ∆S (k, d) (f)

with

∆S (k, d) (f) =
∑
|i|=k

∑
j∈I i

hier

(
ai1j1 ⊗ · · · ⊗ a

id
jd

)︸ ︷︷ ︸
ai

j

·

·
(
f
(
Y i1j1 , . . . , Y

id
jd

)
− S (k − 1, d) (f)

(
Y i1j1 , . . . , Y

id
jd

))︸ ︷︷ ︸
wi

j

,
(45)

where I i
hier := {j ∈ Nd : Y iljl ∈ G

ik
∆ for jl = 1, . . . ,mil

∆, k = 1, . . . , d}, Gi∆ = Gi \ Gi−1,
m∆
i = #Gi∆ = mi − mi−1, is a new set of multi-indices consistent with the multivariate

hierarchical basis {ai
j : j ∈ Io

hier, o ≤ i} with aij one-dimensional linear hat functions. Simi-
lar to the dimension adaptive refinement algorithm, the sparse grid is successively constructed
using the hierarchical surpluses wi

j as adaptivity indicator measuring the improvement gained
by adding a new index to the grid. We refer to [37, 62] for more details.

5.3.2 Monte Carlo

Finally, we briefly discuss Monte Carlo methods for the sake of completeness, as we will use
this method to approximate the expected excess (cf. 20) based on the representation of the
objective function using the polynomial chaos expansion (36).
The expectation E(max{fPC(p, sd(ζ))− η, 0}) will be estimated by the mean over samples
f iPC , i = 1, . . . ,M corresponding to M independent, normally distributed realizations of the
random variables obtained by the Karhunen-Loève expansion. For practical convenience, the
max-function is replaced by a smooth approximation

m̂ax(fPC(p, sd(ζ))− η, 0) :=
1

2
(
√

(fPC(p, sd(ζ))− η)2 + ε+ fPC(p, sd(ζ))− η)

leading to

EMC(m̂ax{fPC(p, sd(ζ))− η, 0}) =
1

M

M∑
i=1

m̂ax{f iPC(p)− η, 0}. (46)
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The convergence is ensured by the law of large numbers with the expected convergence rate
O(N−

1
2 ), i.e. a quadrupling of the sample size halves the error. In general, Monte Carlo

methods are not suitable in our application due to the large number of function evaluations
required. Here, we propose to sample from the surrogate model resulting from the polynomial
chaos expansion, so that (46) is very cheap to evaluate and therefore, the Monte Carlo method
is an appropriate choice to determine (20). Detailed information on Monte Carlo as well as
quasi Monte Carlo methods can be found e.g. in [23, 27, 53, 39].

6 Optimization method

Applying the uncertainty quantification methods discussed above, i.e. the polynomial chaos
method in combination with dimension adaptive sparse grids to represent the objective func-
tion, locally refined sparse grids to construct a surrogate of the lift constraint and in the case of
the expected excess as robustness measure, a Monte Carlo approach based on the polynomial
chaos representation, we obtain the following discretized version of the robust optimization
problem (25 - 27)

min
yi,p

N∑
i=1

f(yi, p, si)ωi (47)

s.t. c(yi, p, si) = 0 , ∀i ∈ {0, . . . , N} (48)
h(y0, p, s0) ≥ 0 , (49)

where s0 approximates the solution of the lower level problem min
s∈H

h(p, s) using a discretiza-

tion approach based on locally refined sparse grids. In the robust optimization framework,
the special structure of multiple-setpoint problems often arises as a result of the discretization
of the probability space. A generalization of the one-shot approach to the multiple-setpoint
problems exploiting the structure of the underlying problem will be introduced in this section.
Numerical approaches to this problem class have already been proposed in [8, 9, 62, 67, 63].
For the sake of simplicity, we restrict the discussion to a problem of the form

min
y1,y2,p

ω1 · f(y1, p, s1) + ω2 · f(y2, p, s2) (50)

s.t. c(yi, p, si) = 0 , i = 0, 1, 2 (51)
h(y0, p, s0) ≥ 0 , (52)

where si denotes the i-th setpoint. We can think of si as a realization of a random parameter,
i.e. of the Mach number. The two setpoints in the objective function (50) are coupled via a
weighted sum and the design variables p, which are the same for all set-points. In addition,
the lift constraint is required at a third setpoint s0. The generalization to more setpoints is
then obvious.

The corresponding Lagrangian of problem (50 - 52) is given by

L(y0, y1, y2, p, λ0, λ1, λ2, µ) =ω1 · f(y1, p, s1) + ω2 · f(y2, p, s2)

+ λ>0 c(y0, p, s0) + λ>1 c(y1, p, s1) + λ>2 c(y2, p, s2)

+ µ>h(y0, p, s0) .
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Resulting from the necessary optimality conditions

∇yiL = 0 , i = 1, 2, 3

∇pL = 0

c(yi, p) = ∇λiL = 0 , i = 1, 2, 3

h(y0, p) = ∇µL = 0 ,

we obtain the following KKT system

Hy0y0 Hy0y1 Hy0y2 Hy0p (C0
y0

)> 0 0 (Hlifty0
)>

Hy1y0 Hy1y1 Hy1y2 Hy1p 0 (C1
y1

)> 0 0

Hy2y0 Hy2y1 Hy2y2 Hy2p 0 0 (C2
y2

)> 0

Hpy0 Hpy1 Hpy2 Hpp (C0
p)> (C1

p)> (C2
p)> (Hliftp )>

C0
y0

0 0 C0
p 0 0 0 0

0 C1
y1

0 C1
p 0 0 0 0

0 0 C2
y2

C2
p 0 0 0 0

Hlifty0
0 0 Hliftp 0 0 0 0




∆y0
∆y1
∆y2
∆p
∆λ0

∆λ1

∆λ2

∆µ

 =


−∇y0L
−∇y1L
−∇y2L
−∇pL
−c0
−c1
−c2
−h

 ,

(53)

where Ci denotes the Jacobian of the flow equation of the i-th setpoint.
Approximating the Hessian of the Lagrangian in (53) by


Hy0y0 Hy0y1 Hy0y2 Hy0p

Hy1y0 Hy1y1 Hy1y2 Hy1p

Hy2y0 Hy2y1 Hy2y2 Hy2p

Hpy0 Hpy1 Hpy2 Hpp

 ≈


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 B

 ,
and applying a block elimination, we obtain

[
B (H lift

p )> − (C0
p)>(C0

y0)−>(H lift
y0 )>

((H lift
p )> − (C0

p)>(C0
y0)−>(H lift

y0 )>)> 0

](
∆p
∆µ

)

=

(
(C0

p)>(C0
y0)−>∇y0L+ (C1

p)>(C1
y1)−>∇y1L+ (C2

p)>(C2
y2)−>∇y2L −∇pL

−h−H lift
y0 (C0

y0)−>c0

)
.

Replacing ∆µ by µk+1 = µk + ∆µ leads to[
B γredh

(γredh )> 0

](
∆p
µk+1

)
=

(
−γredf

−h−H lift
y0 (C0

y0)−>c0

)
,

with

γredh = (H lift
p )> − (C0

p)>(C0
y0)−>(H lift

y0 )>

γredf = ω1 · γredf1 + ω2 · γredf2

= ω1 · (∇pf1 − (C1
p)>(C1

y1)−>∇y1f1) + ω2 · (∇pf2 − (C2
p)>(C2

y2)−>∇y2f2) .
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We notice that the adjoint solution of

C>yiσfi = −∇yif i , i = 1, 2

and the lift coefficient

C>y0σh = −∇y0h

are to be solved independently, and then collected in the reduced gradients.
Therefore, the iterations in the adjoint solvers can be done in parallel for each setpoint si.

Then, the update in the design variables is computed and distributed to all forward problems,
which can again be performed in parallel. Hence, the amount of additional computational
effort considering a multiple-setpoint optimization problem can be efficiently overcome by a
parallelization of function evaluations and gradient computations of the different setpoints.

7 Summary of the methodology

All the ingredients we need to solve the robust aerodynamic shape optimization problem (25 -
27) were discussed in the previous sections. We will now give a short summary and overview
of the whole methodology, which is based on a combination of uncertainty quantification
methods and efficient optimization strategies:

1. The input random field modeling the uncertainties is approximated in a finite number of
random variables using a goal-oriented Karhunen-Loève expansion.

sd (x, ζ) = Θ

(
x, ψ0 (x) +

d∑
i=1

√
λ̂KLi ẑKLi (x)Xi (ζ)

)
2. The drag with respect to the input uncertainties is represented using the non-intrusive

polynomial chaos approach, where the deterministic coefficient functions are determined
by discretizing the probability space with dimension adaptive sparse grids.

fPC(p, sd(·, ζ)) =

NPC∑
i=1

f̃i(p) ·Φi (X1, . . . , Xd))

3. The lower level problem is solved by a discretization approach based on locally refined
sparse grids.

s0 = argmin
sd̃∈H

h(p, sd̃)

4. The generalized, parallelized version of the one-shot algorithm is applied to solve the
resulting discretized robust optimization problem.

min
yi,p

N∑
i=1

f(yi, p, si)ωi

s.t. c(yi, p, si) = 0 , ∀i ∈ {0, . . . , N}
h(y0, p, s0) ≥ 0 ,
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8 Numerical Results

In this section, numerical results will be presented investigating and comparing the influence
of the robust measures introduced in section 4.

8.1 Definition of the deterministic aerodynamic shape optimization problem
(2D Euler test case)

For this purpose, we consider the robust shape optimization of a RAE2822 profile in transonic
Euler flow by the use of the unstructured flow solver TAU (cp. [69, 28]). In our example,
the space is discretized by a 193 × 33 grid, see figure 1. For parametrization, the airfoil

Fig. 1 C-type grid for the RAE2822 airfoil (Euler flow): the total geometrical plane (left) and zoom
around the airfoil (right).

is decomposed into thickness and camber distribution. Then, only the camber of the airfoil
is parametrized by 21 Hicks-Henne functions and the thickness is not changed during the
optimization process.

The deterministic optimization problem is defined by

min
y,p

f(y, p) (54)

s.t. c(y, p) = 0 (55)
h(y, p) ≥ 0 (56)

with p ∈ R21, y ∈ R25476. The objective function f denotes the drag coefficient CD, c is the
steady state Euler equation with appropriate boundary conditions and the inequality constraint
is defined by

h(y, p) = CL(y, p)− C0
L (57)

with C0
L = 0.816. The shape of the RAE2822 airfoil is to be optimized for transonic flight

conditions, i.e.

M = 0.73 , α = 2◦ . (58)
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The initial values of the drag and lift coefficients are

CD = 4.76 · 10−3 , CL = 0.816 .

A single-setpoint optimization using the one-shot method leads to the coefficients

CD = 3.45 · 10−3 , CL = 0.816 ,

which show a significant reduction of the drag coefficient.

8.2 Stochastic model of the geometrical uncertainties (2D Euler test case)

We consider now the deterministic shape optimization problem under geometrical uncertain-
ties defined as follows. The perturbations of the shape are described by a transformed Gaus-
sian random field s : Γ×O → R, where the Gaussian random field ψ : Γ×O → R is given
by

E (ψ (x, ζ)) = 0 , cov (x, y) = σ(x) σ(y) exp

(
−‖x− y‖

2

l2

)
(59)

with σ(x) = (0.8 − x1)0.75 and l = 0.005. To ensure the boundedness, ψ is transformed to
marginal sine-shaped distribution

s (x, ζ) = c(x) · arccos (1− 2Φ (ψ (x, ζ))) (60)

with c(x) = (0.8−x1)0.75 ·
√

0.00002 controlling the limit of the perturbations. As mentioned
before, no measurements are at hand to determine the stochastic model of the geometrical un-
certainties. The assumptions made are discussed with engineers, so that the models reflect the
main characteristics of uncertainties. Nevertheless, the description of the uncertainties need
to be adapted to real-world data measuring the uncertainties occuring in the aerodynamical
framework. But we want to point out here the fact that the methodology proposed in this
paper does not rely on the special structure of the transformation and hence, the application
to arbitrary stochastic models of the uncertainties is straightforward. The following figure
shows three random realizations of the Gaussian random field ψ, which are then transformed
to a sine-shaped distribution according to (60).
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Fig. 2 Realizations of the Gaussian random field shown on the upper part of the surface (left) and lower
part (right).

The resulting transformed realizations are depicted in Figure 3.
Further, the corresponding perturbed shapes are shown in Figure 4. Note that no perturba-

tions arise in the back part of the airfoil ensuring the convergence of the flow solver, which is
very sensitive to perturbations of the trailing edge.
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Fig. 3 Realizations of the transformed random field shown on the upper part of the surface (left) and
lower part (right).
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Fig. 4 Resulting perturbed shapes and bounds of the perturbations (dotted line in gray).

8.3 Approximation of the input random field using a goal-oriented Karhunen-
Loève basis (2D Euler test case)

For the numerical treatment, the input Gaussian random field ψ is approximated in a finite
number of random variables using the Karhunen-Loève expansion leading to

ψ9 (x, ζ) =

9∑
i=1

√
λKLi zKLi (x)Xi (ζ) , (61)

where the distribution of the eigenvalues and the corresponding first 9 eigenvectors are de-
picted in Figure 5. The Karhunen-Loève expansion of order 9 (cf. (61)) involves eigenvectors
with corresponding eigenvalues greater than 10−2, which corresponds to 99.98% of the char-
acteristics (in the discrete setting). The influence of the individual eigenvectors weighted by
the eigenvalues is now investigated in order to choose the reduced Karhunen-Loève basis.
The influence of the first 9 eigenvectors on the drag performance as well as the corresponding
indicator are shown in Figure 6. The 6th− 9th weighted eigenvectors have no impact on the
target functional, so that they can be rejected from the Karhunen-Loève basis and we obtain
the following reduced basis

ψ5 (x, ζ) =

5∑
i=1

√
λKLi zKLi (x)Xi (ζ) . (62)

A similar behavior can be observed investigating the lift performance with respect to Karhunen-
Loève basis (cf. Figure 7). Again, the 1st − 5th eigenvector generate the reduced basis. An
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Fig. 5 Distribution of the eigenvalues (left) and corresponding first 9 eigenvectors (right).
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Fig. 6 Influence of the first 9 weighted eigenvectors on the drag performance and corresponding adap-
tivity indicator.

individual consideration of the influence on the drag as well as on the lift performance guaran-
tees the approximation of both quantities, i.e. two reduced basis are obtained, one to quantify
the influence on the drag and one to handle the robust constraint. In the given 2D test case,
both reduced basis coincide and (63) can used to approximate the quantities of interest with
respect to the geometrical uncertainties.

For the purpose of demonstrating the approximation quality and efficiency of the proposed
methodology as well as of comparing the introduced robustness measures, we will restrict the
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Fig. 7 Influence of the first 9 weighted eigenvectors on the lift constraint and corresponding adaptivity
indicator.

discussion to the two dimensional case from now on, i.e. we assume that the input uncertain-
ties can be approximated by

ψ2 (x, ζ) =

2∑
i=1

√
λKLi zKLi (x)Xi (ζ) . (63)

This simplification allows us to compare the solution based on the introduced adaptivity strate-
gies with a solution based on full tensor grids serving as a reference solution. Due to the com-
plexity of the application of interest, this verification is impossible in the higher dimensional
case.

8.4 Polynomial chaos approximation of the drag performance (2D Euler test
case)

First of all, results studying the approximation quality of a polynomial chaos approximation
based on dimension adaptive sparse grids in order to quantify the effects of geometrical un-
certainties modeled by (63) on the drag performance will be presented. The polynomial chaos
coefficients are determined by a dimension adaptive sparse grid using as adaptivity indica-
tor the maximum error over all coefficient functions. The resulting grid compared to a full
tensor grid, both based on Gauß- Hermite polynomials, which are the optimal choice consid-
ering normally distributed uncertainties (cf. (63) and (30), respectively), is depicted in Figure
8. The adaptive sparse grid consists of 41 grid points, where the full tensor grid based on
a Gauß- Hermite quadrature of order 15 consists of 225 grid points, i.e. a reduction factor
of 5 can be obtained. As no analytical solution is available in the application of interest, the
solution based on the full tensor grid serves as reference solution. As mentioned before, the
input uncertainties are approximated by normally distributed random variables resulting from
the Karhunen-Loève expansion, so that the orthogonal polynomials in the polynomial chaos
representation can be identified as Hermite polynomials. shown up to total order 3 in Figure
9.
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Fig. 8 Full tensor grid (left) and dimension adaptive sparse grid (right) used to determine the determin-
istic polynomial chaos coefficients.
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Fig. 9 2D Hermite polynomials up to total order 3.

The following figures compare the solution obtained by a polynomial chaos representa-
tion with respect to the truncation order with the reference solution, where the absolute error
as well as the error weighted by the probability density function is chosen to indicate the
approximation quality.

As Figure 13 indicates, an approximation of total order 3 leads to a fully satisfactory result,
the maximum absolute error in the considered subdomain is less than 4·10−4 and the weighted
error less than 5 · 10−6. Hence, it is sufficient to consider a truncation order of 3 in the
optimization procedure.

8.5 Treatment of the lift constraint (2D Euler test case)

In the robust counterpart of the deterministic problem (54 - 55), we consider the following
robust treatment of the constraint

h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1], (64)

cf. (27). The arising lower level problem

s0 = argmin
X1,2∈[−1,1]

h(y(s(X1, X2)), p, s(X1, X2)) (65)
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Fig. 10 Polynomial chaos approximation of total order 0 compared to reference solution (left), the
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is solved by a discretization approach based on locally refined sparse grids. In literature, a
common approach to solve robust constraints of the form (27) is to assume that the solution
of the lower level problem is always located at the boundary of the set H , in the given test
case [−1, 1]2. Although this is the case considering (64) due to the almost linear behavior of
the lift constraint in the neighborhood of the nominal point (i.e. the unperturbed shape), we
propose a discretization approach in order to handle arbitrary sets H without imposing the
aforementioned, strict assumption. Figure 14 illustrates the lift performance in the domain
[−1, 1]2 as well as the corresponding locally refined sparse grid based on hierarchical linear
ansatz functions.
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Fig. 14 Lift performance with respect to the two random input variables (left) and corresponding locally
refined sparse grid (right).

Due to the almost linear behavior of the lift constraint, a coarse grid consisting of 11
grid points leads to an accurate surrogate model, which is then used to solve the lower level
problem.

8.6 Verification of the proposed optimization method based on adaptive strate-
gies (2D Euler test case)

In order to verify and demonstrate the efficiency of the proposed method, the following robust
counterpart of the deterministic aerodynamic shape optimization problem (54-56) is consid-
ered

min
y(s(X1,X2)),p

E(f(y(s(X1, X2)), p, s(X1, X2))) (66)

s.t. c(y(s(X1, X2)), p, s(X1, X2)) = 0, ∀X1, X2 (67)
h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1] , (68)

where the mean value of the drag performance is chosen as robustness measure in the objec-
tive function. The solution of problem (66 - 68) is computed by the proposed method (cf.
summary 7) as well as by an one-shot optimization using full tensor grids in order to quan-
tify the influence of the input uncertainties. Both optimization strategies lead to comparable



26 C. Schillings and V. Schulz: Robust aerodynamic design

drag performances of the optimized shapes (cf. Figure 15) and the optimized mean values
are identical with respect to the precision of the flow solver, Eoptadaptive = 4.152 · 10−3 and
Eopttensor = 4.135 · 10−3. Further, we can observe that both solutions are feasible over the
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Fig. 15 Drag performances of the optimized shapes based on adaptive strategies (light gray) and full
tensor grids (dark grey).

whole range of variations, as required (cf. Figure 16) and the resulting optimal shapes are
completely identical (see Figure 17).
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Fig. 16 Lift performances of the optimized shapes based on adaptive strategies (light gray) and full
tensor grids (dark grey).

Summarizing, we can state that we could numerically prove the approximation quality and
efficiency of the proposed method by comparing the solution to a full tensor grid optimization
serving as reference solution.

The last part of this section is devoted to the study of the influence considering beside the
mean value a combination of mean and variance as well as the expected excess as robustness
measure in the objective function.

8.7 The influence of robustness measures on the optimal shape (2D Euler test
case)

A difficult task in the context of robust optimization is to formulate the appropriate robust
counterpart of the deterministic optimization problem. We will discuss in the following the
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Fig. 17 Drag performances of the optimized shapes based on adaptive strategies (light gray) and full
tensor grids (dark grey).

influence of robustness measures introduced in section 4 on the solution and demonstrate the
applicability of the proposed method to the resulting optimization problems.

We start the discussion by again considering the optimization of the mean

min
y(s(X1,X2)),p

E(f(y(s(X1, X2)), p, s(X1, X2)))

s.t. c(y(s(X1, X2)), p, s(X1, X2)) = 0, ∀X1, X2

h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1] .

The characteristics of the robust solution will be now compared to the ones of the single-
setpoint optimized shape. Figure 18 illustrates the drag performance of both solutions with
respect to the input uncertainties. The single-setpoint optimization leads to a target value of
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Fig. 18 Drag performances of the optimized shapes resulting from the robust optimization based on (66
- 68) (light gray) and single-setpoint optimization (dark gray).

Eoptsingle−setpoint = 4.469·10−3, which can be reduced by the robust solution to Eoptrobustmean
=

4.152 · 10−3. Taking a look at the lift performance (see Figure 19), we can observe that the
robust solution is feasible over the whole range of variations, as required, whereas the single-
setpoint solution is infeasible in most parts of the considered domain of perturbations. Note
that only small changes of the shape (see Figure 20) lead to a better performance with respect
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Fig. 19 Lift performances of the optimized shapes resulting from the robust optimization based on (66
- 68) (light gray) and single-setpoint optimization (dark gray).
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Fig. 20 Comparison of the optimized shapes resulting from the robust optimization based on (66 - 68)
(light gray) and single-setpoint optimization (dark gray).

to the mean value as well as to feasibility in an enlarged domain.

Next, a combination of mean and variance as robustness measure will be studied, i.e. the
following robust counterpart

min
y(s(X1,X2)),p

E(f(y(s(X1, X2)), p, s(X1, X2))) + cV(f(y(s(X1, X2)), p, s(X1, X2))) (69)

s.t. c(y(s(X1, X2)), p, s(X1, X2)) = 0, ∀X1, X2 (70)
h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1] ,(71)

is considered for a given parameter c indicating the risk aversion, that means a large coefficient
c results in a more conservative design of the underlying optimization problem.

The numerical results presented below compare the robust solutions of problem (69 - 71)
for three different values of the parameter c controlling the risk aversion of the designs, i.e.
c1 = 103, c2 = 104 and c3 = 105. First, we can observe that the lift constraint is not influ-
enced by the different risk measures in the objective function. As Figure 23 indicates, the lift
performance of the three optimized airfoils is almost the same and the required lift is reached
over the whole range of variations. However, the drag performances of the optimized shapes
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Fig. 21 Comparison of drag performance for different risk aversion values.
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Fig. 22 Comparison of drag performance for different risk aversion values (zoom around the nominal
point).
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Fig. 23 Comparison of lift performance for different risk aversion values.

shown in Figure 21 and a zoom around the nominal point in Figure 22 clearly demonstrate
the influence of the parameter c on the conservatism of the resulting airfoils. A high value
of the risk aversion parameter c strongly penalizes a high value of the variance. Hence, the
drag functions of the formulations with higher values of c get closer to the variance optimal
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case, that means a variance equals zero resulting in a constant drag over the whole range of
variations.

Further, we can state that the variance reduction leads to a higher drag than the optimization
of the mean value. The tradeoff between mean value and variance minimization is illustrated
in Table 1.

Measure of robustness Statistics

E Var

E 4.15 · 10−3 3.57 · 10−7

E + 103 · Var 4.10 · 10−3 2.55 · 10−7

E + 104 Var 4.33 · 10−3 8.91 · 10−8

E + 105 · Var 6.06 · 10−3 2.22 · 10−8

Table 1 Comparison of the mean value and variance resulting from the different risk measures.

Taking a look at the results in Table 1, we can state that the mean value optimization and the
mean-variance reduction with risk aversion parameter c = 103 lead to almost the same mean
and variance of the drag. Thus, the risk aversion parameter c = 103 seems to be too small to
effect the results. On the other hand, the other two formulations with c = 104 and c = 105

show a significant reduction of the variance and an amount in the mean value differing quite
strongly from the mean value optimization. Comparing the resulting optimized shapes (cf.
Figure 24), the same effect can be observed.
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Fig. 24 Comparison of the resulting shapes optimized for different risk aversion values.

These investigations point out how important the proper choice of the risk aversion param-
eter c is. A too small value of the parameter c will not affect the results and a too large value
may lead to overly conservative designs. In order to properly determine the value of the risk
aversion parameter, additional knowledge on the magnitude of the variance and the mean as
well as on the desired grade of robustness needs to be at hand.
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The last part of this section concerns the robust optimization considering the expected
excess as measure of robustness

min
y(s(X1,X2)),p

E(max{f(y(s(X1, X2)), p, s(X1, X2)− η, 0}) (72)

s.t. c(y(s(X1, X2)), p, s(X1, X2)) = 0, ∀X1, X2 (73)
h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1] . (74)

As mentioned above, the max-function in the objective (72) is replaced by a smooth approxi-
mation for practical convenience. The discretization of the probability space by the introduced
adaptive polynomial chaos and by Monte Carlo techniques to approximate the expected excess
based on the surrogate model leads to the following discretized optimization problem

min
yi,p

1
M

M∑
i=1

m̂ax{f iPC(p)− η, 0} (75)

s.t. c(y(s(X1, X2)), p, s(X1, X2)) = 0, ∀X1, X2 (76)
h(y(s(X1, X2)), p, s(X1, X2)) ≥ 0, X1,2 ∈ [−1, 1] (77)

with M = 108. Again, the inequality constraint (77) is solved by a discretization approach
based on locally refined sparse grids (cf. subsection 8). We investigate the influence of the ro-
bustness measure (72) and (75), respectively, for two values of the expected excess parameter
η, i.e. η = 4.15 · 10−3, which corresponds to the optimized mean value, and η = 4.4 · 10−3.
The drag performance of the two optimized shapes with respect to the expected excess param-
eter compared to the single-setpoint optimization are depicted in Figure 25. A zoom around
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Fig. 25 Comparison of drag performance with respect to the expected excess parameter.

the nominal point (cf. Figure 26) shows the difference between the two solutions with respect
to the expected excess parameter. Both solutions lead to a similar drag performance around
the nominal resulting in a comparable objective value with η = 4.15 · 10−3. Considering the
drag performance of the optimization with respect to η = 4.4 · 10−3, we can observe that the
drag can be improved especially in the region near to η = 4.4·10−3 leading to a slightly better
objective value than the solution with η = 4.15 · 10−3. The results are summarized in Table
2. Further, both solutions show feasibility over the whole range of variations, as required (cf.



32 C. Schillings and V. Schulz: Robust aerodynamic design

−3−2−10123

−3
−2

−1
0

1
2

3

3.5

4

4.5

5

5.5

6

6.5

7

x 10
−3  

1. eigenvector2. eigenvector

 

d
ra

g
 p

e
rf

o
rm

a
n

c
e

expected excess η=0.00415

expected excess η=0.0044

threshold η=0.00415

−3
−2

−1
0

1
2

3

−3
−2

−1
0

1
2

3

3

3.5

4

4.5

5

5.5

6

6.5

7

7.5

8

x 10
−3

 

1. eigenvector2. eigenvector

 

d
ra

g
 p

e
rf

o
rm

a
n

c
e

expected excess η=0.00415

expected excess η=0.0044

threshold η=0.0044

Fig. 26 Comparison of drag performance with respect to the expected excess parameter (zoom around
the nominal point).
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Fig. 27 Comparison of lift performance with respect to the expected excess parameter.

Figure 27).

Measure of robustness Expected Excess

EEE η=4.15·10−3 EEE η=4.4·10−3

single-setpoint 5.20 · 10−4 4.03 · 10−4

EEE η=4.15·10−3 1.33 · 10−4 6.41 · 10−5

EEE η=4.40·10−3 1.33 · 10−4 6.09 · 10−5

Table 2 Comparison of the expected excess with respect to the expected excess parameter.

The resulting shapes are shown in Figure 28. As already observed, the robust optimization
based on (72 - 74) with η = 4.15 · 10−3 and η = 4.4 · 10−3 leads to quite similar optimized
shapes resulting in comparable objective values. A slight improvement can be stated in the
case η = 4.4 · 10−3.

Finally, we will summarize the results of all robust optimizations in Table 3. Table 3 clearly
reflects the influence of the discussed measure of robustness. If we take a look at the drag
coefficients at the nominal point with respect to the introduced measure of robustness, we can
observe an amount of the objective value with respect to the conservatism of the considered
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Fig. 28 Comparison of the optimized shapes resulting from the robust optimization based on (72 - 74)
with η = 4.15 · 10−3 and η = 4.4 · 10−3, respectively and single-setpoint optimization.

Measure of robustness Statistics

fnominal E Var EEE η=4.15·10−3 EEE η=4.4·10−3

single-setpoint 3.45 · 10−3 4.47 · 10−3 1.13 · 10−6 5.20 · 10−4 4.03 · 10−4

E 3.75 · 10−3 4.15 · 10−3 3.57 · 10−7 1.94 · 10−4 1.19 · 10−4

E + 103 · Var 3.81 · 10−3 4.10 · 10−3 2.55 · 10−7 1.73 · 10−4 9.90 · 10−5

E + 104 Var 4.04 · 10−3 4.33 · 10−3 8.91 · 10−8 2.18 · 10−4 9.13 · 10−5

E + 105 · Var 5.93 · 10−3 6.06 · 10−3 2.22 · 10−8 1.91 · 10−3 1.66 · 10−3

EEE η=4.15·10−3 3.77 · 10−3 4.13 · 10−3 1.26 · 10−7 1.33 · 10−4 6.41 · 10−5

EEE η=4.40·10−3 3.81 · 10−3 4.16 · 10−3 1.09 · 10−7 1.33 · 10−4 6.09 · 10−5

Table 3 Comparison of the mean value and variance resulting from the different risk measures.

objective function, i.e. the tradeoff between the performance at the nominal point and the
robustness of the solution. Considering the mean-variance optimization, the risk aversion
parameter controls the robustness of the solution in terms of variance optimality, so that this
parameter has to be carefully chosen in order to achieve the desired grade of robustness. The
expected excess as measure of robustness reveals the same tendency in a weakened form.
Further, we can state that the consideration of mean-risk measures in the formulation of the
robust counterpart of the aerodynamic shape optimization problem leads to designs, which
show a similar performance in the mean value compared to a sole minimization of the mean
and, moreover, a reduction in the variance and expected excess. The proposed methodology
allows to achieve this additional gain of robustness with the same computational costs as a
sole minimization of the mean, so that the mean-risk models provide an attractive way for the
formulation of the robust optimization problem.

Last, we will compare the shapes resulting from the single-setpoint optimization, mean
value approach and from the mean-risk models.
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Fig. 29 Comparison of the resulting shapes optimized for different robustness measures.

As already stated, the variance reduction leads to the most conservative designs and there-
fore differ the most from the deterministic case (cf. Figure 29).

9 Conclusions

We proposed in this paper a methodology to efficiently handle a class of robust counterparts
of the deterministic aerodynamic shape optimization problem including mean-risk models as
measure of robustness and a robust treatment of additional constraints. The main ingredients
of the methodology are a goal-oriented Karhunen-Loève expansion, a non-intrusive polyno-
mial chaos model combined with adaptive sparse grid techniques and efficient optimization
methods, in particular a generalized, parallelized one-shot approach. The discussed modifica-
tions and improvements as well as the proper use of adaptivity leads to an approach enabling
the treatment of uncertainties in complex optimization problems. In the numerical results,
we demonstrated and numerically verified the reliability and efficiency considering the robust
optimization in a 2D test case under geometrical uncertainties. We further investigated the in-
fluence of different measure of robustness on the resulting optimized shapes. The study clearly
showed the impact of the robustness measure on the conservatism of the resulting shapes, so
that the proper choice of the robust formulation plays an important role in order to achieve
the desired grade of robustness. Sophisticated mean-risk models allows to achieve the same
drag performance in the mean as a sole minimization of the mean and, additionally, achieve
an amount of robustness in terms of variance and expected excess reduction. This additional
gain in robustness can be achieved with the same computational costs as a sole minimization
of the mean using the proposed methodology. Hence, these models provide a very attractive
way to formulate the robust counterpart of the aerodynamic shape optimization problem.
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Karhunen-Loève expansion and dual-weighted-residual methods, Computational Mechanics, 31
(2003).

[51] S. MISHRA, C. SCHWAB, AND J. UKYS, Multi-level monte carlo finite volume methods for non-
linear systems of conservation laws in multi-dimensions, Journal of Computational Physics, 231
(2012), pp. 3365 – 3388.

[52] H. N. NAJM, Uncertainty Quantification and Polynomial Chaos Techniques in Computational
Fluid Dynamics, Annual Review of Fluid Mechanics, 41 (2009), pp. 35–52.

[53] H. NIEDERREITER, Random number generation and Quasi-Monte Carlo methods, Society for
Industrial and Applied Mathematics, Philadelphia, USA, 1992.

[54] W. L. OBERKAMPF, S. M. DELAND, B. M. RUTHERFORD, K. V. DIEGERT, AND K. F. ALVIN,
Error and uncertainty in modeling and simulation, Reliability Engineering & System Safety, 75
(2002), pp. 333 – 357.

[55] S. PADULA, C. GUMBERT, AND W. LI, Aerospace applications of optimization under uncertainty,
Optimization and Engineering, 7 (2006), pp. 317–328.

[56] O. PIRONNEAU, On optimum design in fluid mechanics, Journal of Fluid Mechanics Digital
Archive, 64 (1974), pp. 97–110.

[57] A. PRKOPA, Stochastic Programming, Kluwer Academic Publisher, 1995.
[58] M. PUTKO, P. NEWMAN, A. TAYLOR III, AND L. GREEN, Approach for uncertainty propaga-

tion and robust design in CFD using sensitivity derivatives, in AIAA 15-th Computational Fluid
Dynamics Conference, AIAA, 2001, pp. 2001–2528.

[59] J. REUTHER, A. JAMESON, J. FARMER, L. MARTINELLI, AND D. SAUNDERS, Aerodynamic
shape optimization of complex aircraft configurations via an adjoint formulation, Research Insti-
tute for Advanced Computer Science, NASA Ames Research Center, 1996.
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