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Clique-width of full bubble model graphs

Daniel Meister* Udi Rotics’

Abstract

A bubble model is a 2-dimensional representation of proper interval graphs. We consider
proper interval graphs that have bubble models of specific properties. We characterise the
maximal such proper interval graphs of bounded clique-width and of bounded linear clique-
width and the minimal such proper interval graphs whose clique-width and linear clique-
width exceed the bounds. As a consequence, we can efficiently compute the clique-width
and linear clique-width of the considered graphs.

1 Introduction

Clique-width is a graph width parameter with applications in efficient graph algorithms [3, 4, 20].
Clique-width generalises treewidth in the sense that graphs of bounded treewidth also have
bounded clique-width [5], but graphs of bounded clique-width may have unbounded treewidth.
A simple example for the latter relationship are the complete graphs, whose clique-width is at
most 2 and whose treewidth is proportional to the number of vertices. Next to their applicational
importance, width parameters in general are also and necessarily studied with a focus on their
theoretical aspects. The basic questions are about the complexity of recognising graphs of
bounded width and about the structure of graphs of bounded width. In this paper, we address
these basic questions for clique-width and full bubble model graphs.

Clique-width is a graph parameter that is difficult to deal with. Despite its strong and
important applications, only little is known about its properties. It was shown that computing
the clique-width for general graphs is hard [6], but no hardness result for restricted graph classes
is known. Graphs of clique-width at most 2 can be recognised efficiently and their structural
properties are fully known [5]. This is due to the fact that graphs of clique-width at most 2 are
exactly the cographs, which are the graphs that do not have a chordless path on four vertices
as an induced subgraph. Cographs are well-studied and many of their properties are known
[1]. In particular, the maximal graphs of clique-width at most 2 and the minimal graphs of
clique-width more than 2 are known, the latter being only the chordless path on four vertices.
The situation changes for larger bounds on the clique-width. Graphs of clique-width at most 3
can be recognised efficiently [2], however, little is known about their structure. And no efficient
algorithm is known for recognising graphs of bounded clique-width for any bound larger than 3.
In fact, not even a moderately exponential-time algorithm is known for computing the clique-
width of a graph.
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The situation is not better for restricted versions of the problem. Currently, there are only
two positive results known for computing the clique-width for graph classes of unbounded clique-
width: for square grids and for path powers. The clique-width of an n x n-grid is exactly n + 1
[10], for n > 3. This also means that there is exactly one such graph for each value of the clique-
width, and the n x n-grid is the unique maximal square grid of clique-width at most n + 1, and
the n x n-grid is the unique minimal square grid of clique-width at least n+ 1. The clique-width
of path powers has a more complex description, and it is fully known [14]. A k-path power is
the kth power of a chordless path. The clique-width of a k-path power on sufficiently many
vertices is exactly k4 2. The clique-width of k-path powers on small numbers of vertices can be
related to the independence number. As a result, there are two types of maximal path powers
of clique-width at most &, and their is a unique minimal path power of clique-width at least k.

Another restriction for clique-width is its linear variant linear clique-width. Briefly, the
relationship between clique-width and linear clique-width can be understood in similarity to the
relationship between treewidth and its linear variant pathwidth. Also linear clique-width has
been studied [7, 18, 12]. As for the recognition problem, graphs of linear clique-width of at
most up to 3 can be recognised efficiently [8, 12], and no efficient algorithm for larger bounds
is known. The structure of graphs of linear clique-width at most 2 is fully known [8, 12], and
a description of graphs of linear clique-width at most 3 is known [12], that can be used to
characterise maximal graphs of linear clique-width at most 3. As for minimal graphs of linear
clique-width more than 3, some results are known [12, 13], but no full characterisation of the
graphs of linear clique-width at most 3 by forbidden induced subgraphs is known.

In this paper, we study the basic questions for a class of proper interval graphs. We will give
efficient algorithms for computing the clique-width and the linear clique-width of the considered
graphs, and we fully characterise the minimal and maximal graphs for given clique-width and
linear clique-width bounds. Hereby, we extend the previous results for path powers. We briefly
sketch our considered graph class. Proper interval graphs admit a characterisation through a
2-dimensional model, the so-called bubble model [11]. The bubble model is a representation for
graphs that places the vertices in a grid-like structure, and the edges are implicit. We consider
such proper interval graphs that have a bubble model with a special closure property.

Our results present a first real picture of the structure of graphs of bounded clique-width.
As already mentioned, previous comparable results were only known for graphs of clique-width
at most 2. We also and implicitly establish the proper interval graphs as a fundamental graph
class for studying clique-width. A result to support this is by Lozin, who studied questions
about minimal graph classes of unbounded clique-width [17].

The challenges in this paper are manifold. The main technical results of this paper are lower
and upper bounds on the clique-width and linear clique-width of special proper interval graphs.
Usually, upper bounds are easier to obtain than lower bounds, and this is also the case here. The
challenge about upper bounds is to present these bounds in a “readable” and “understandable”
form. There is no established language and technique to construct upper-bound results. Simi-
larly, and much more demanding, is the development of lower-bound results. Our lower bounds
are obtained by studying situations and classifying them by applying combinatorial arguments.
There is no catalogue of situations that can be applied here. A major goal of our study, that
goes beyond the mere results, is to develop techniques for proving such lower bounds and to
provide a more detailed picture of the two width parameters.



Organisation of the paper. Section 2 presents the graph-theoretic background, definitions and
notations, and clique-width and linear clique-width and related notions and results. Especially,
a characterisation of clique-width and linear clique-width is presented, that will be the basis
for the lower-bound proofs. In Section 3, we consider proper interval graphs, characterisations,
and the bubble model. We define classes of proper interval graphs, for which we will give
upper bounds on their clique-width or linear clique-width in Section 4. In Sections 5 and 6,
we show our lower bounds for two classes of proper interval graphs, that are two out of three
classes of minimal graphs to exceed clique-width bounds. The third such class are the minimal
path powers. Finally, in Section 7, we combine the obtained lower- and upper-bound results to
a complete characterisation of the clique-width and linear clique-width of our proper interval
graphs. This characterisation directly implies a simple and efficient algorithm for computing
the clique-width and linear clique-width of our proper interval graphs.

2 Graph preliminaries and clique-width

The graphs in this paper are simple, finite, undirected. A graph G is an ordered pair (V, E)
where V' = V(G) is the vertex set of G and E = E(G) is the edge set of G. Edges are denoted
as uv. Let u, v be a vertex pair of G with u # v. If uv is an edge of G then u and v are adjacent
in G, and u is a neighbour of v in GG, and vice versa. If uv is not an edge of G then u and v
are non-adjacent in G. The neighbourhood of a vertex u of G, denoted as Ng(u), is the set of
the neighbours of v in G, and Ng[u] =4t Ng(u) U {u} is the closed neighbourhood of u in G.
A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G). For a set X of vertices of
G, the subgraph of G induced by X, denoted as G[X], has vertex set X, and for each vertex
pair u, v from X with u # v, uv is an edge of G[X] if and only if uv is an edge of G. By G\ X,
we denote the induced subgraph G[V(G) \ X]| of G, and by G—=z for x a vertex of G, we denote
the induced subgraph G\ {z} of G. A clique of G is a set of vertices that are pairwise adjacent
in G, and a maximal clique of G is a clique of G that is not contained in any other clique of G.

Let G be a graph. Let u, v be a vertex pair of G. A u,v-path of G is a sequence (zg, . . ., x,) of
pairwise different vertices of G where xg = v and z, = v and z;z;11 € E(G) for every 0 < i < r.
If for every vertex pair u,v of G, there is a u,v-path of G, we call G connected; otherwise, if
there is a vertex pair u,v of G such that there is no u,v-path of G, G is called disconnected.
The connected components of G are the maximal connected induced subgraphs of G.

An important graph operation throughout the paper is the disjoint union of two graphs. Let
G and H be two vertex-disjoint graphs, which means that V(G)NV (H) = 0. The disjoint union
of G and H, denoted as G & H, is the graph (V(G)UV(H),E(G) U E(H)).

2.1 Clique-width, linear clique-width and expressions

These definitions are relevant mainly for the upper-bound constructions of Section 4.

Let k& be an integer with k£ > 1. Consider the following inductive definition of k-expressions
and linear k-expressions:

(1) for o € {1,...,k} and u a vertex name, o(u) is a k-expression and a linear k-expression



(2) for a a k-expression and s,0 € {1,...,k} with s # 0, 5 o(a) and ps_,,() are k-expressions;
if o is a linear k-expression then 7 ,() and ps_,o(a) are linear k-expressions

(3) for a and § vertex-disjoint k-expressions, («a @ J) is a k-expression

(4) for § a linear k-expression and o € {1,...,k} and u a vertex name that does not occur in
J, (o(u) @ 9) is a linear k-expression.

Observe that linear k-expressions are k-expressions of restricted form. A k-labelled graph is an
ordered pair (G, ¢) where G is a graph and ¢ : V(G) — {1,...,k} is a mapping assigning a label
from {1,...,k} to each vertex of G; the vertices of (G, ¢) are the vertices of G. By [(G, )], we
denote the graph G. A k-expression defines a k-labelled graph. Let o be a k-expression. The
k-labelled graph defined by « is denoted as val(«) and is inductively defined as follows:

(1) if & = o(u) then val(«) is the k-labelled graph with the single vertex u and u has label o

(2) if o = ns5,0(0) where § is a k-expression then val(«) is obtained from val(d) by adding all
missing edges between the vertices with label s and the vertices with label o

(3) if @ = ps—0(0) where 0 is a k-expression then val(a) is obtained from val(d) by assigning
label o to all vertices that have label s

(4) if & = (y® J) where v and § are k-expressions then val(«) is the disjoint union of val(vy)
and val(d); this means, for val(y) = (G, ¥) and val(§) = (G', '), val(a) = (GE G, LUL).

The graph that is defined by « is [val(«)], and we say that « is a k-expression for a graph G if
G = [val(a)], and we say that « is a linear k-expression for G if « is a linear k-expression and
G = [val(a)].

Let G be a graph. The cliqgue-width of G, denoted as cwd(G), is the smallest integer k such
that G has a k-expression. And the linear clique-width of G, denoted as lewd(G), is the smallest
integer k such that G has a linear k-expression. Since linear k-expressions are k-expressions,
it clearly holds that cwd(G) < lewd(G). In this algebraic context, it is important to remark
that we only consider non-empty graphs, i.e., our considered graphs have vertices, so that the
smallest integer k indeed exists. It is known that clique-width and linear clique-width are
monotone for induced subgraphs. So, for H an induced subgraph of G, cwd(H) < cwd(G) and
lewd(H) < lewd(G).

We will prove lower and upper bounds on the clique-width and linear clique-width of graphs.
For proving upper bounds, the following notion will be important. Let k be an integer with
k> 1, and let o be a k-expression. A label ¢ with i € {1,...,k} is called inactive in « if for all
Ns,0 N ¢, s # % and o # 4, and for all p,_,, in o, s # . Informally, we can say that 7 is inactive
in « if 7 is not used to create edges. Note that i(u) can appear in « and ¢ is an inactive label in
a, namely, if v has no neighbours in [val(«)].

We will make use of the following simplifications for denoting expressions. Let k be an integer
with & > 1. Let s € {1,...,k} and let A C {1,...,k} with s € A and where A = {a1,...,a,}.
Instead of writing 75 ¢, (- - - 7)s,a, (6) - - - ), we will simply write ns 4(4). Analogously, we will shorten
sequences of p-operations by writing, as an example, pa_,3-,4(0) instead of pa_3(p3—4(J)), which



can be seen as “label shift” operations. Here, it is important to note that the corresponding
p-operations are applied from right to left.

We partition expressions into parts, that we define informally. Let k& be an integer with
k > 1, and let «, v and § be k-expressions. Assume that a can be written as (v @ d) or 3(J).
We call § a beginning of a and S an end of c. Note that an end is not a k-expression, but it can
extend k-expressions.

Clique-width has some invariance properties, that are useful for the characterisation of graphs
of bounded clique-width and for computing the clique-width of a graph. For a graph G and a
vertex pair u, v of G with u # v, u and v are true twins of G if Ng(u)U{u} = Ng(v)U{v}. The
true-twin relation is an equivalence relation on the vertex set, and the maximal sets of pairwise
true twins of a graph can be computed in linear time.

Lemma 2.1 ([5]). Let G be a graph.

1) The clique-width of G is equal to the mazimum clique-width of the connected components

of G.

2) If G has clique-width at least 2 then adding true twins to G does not increase the clique-
width.

A consequence of Lemma 2.1 is that it suffices to consider connected graphs without true
twins. We only mention here that linear clique-width does not have such nice general invariance
properties, which can already be seen on graphs built from induced paths [13]: adding true twins
may increase the linear clique-width, and the linear clique-width of a disconnected graph may
be strictly larger than the linear clique-width of each of its connected components.

2.2 Clique-width characterisation, and useful results

These definitions and results are relevant mainly for the lower-bound proofs of Sections 5 and 6.

2.2.1 Groups and supergroups

Let G be a graph and let H be a subgraph of G. Let u,v be a vertex pair of G where u is a
vertex of H and uv is an edge of G. If wv ¢ E(H), we say that uv is non-visible in H and v is
a non-visible neighbour of u in H with respect to G. The set of the non-visible neighbours of u
in H with respect to G is denoted as nonVisgca(u); if the context G is clear, we may shortly
write nonVisg (u). Observe the following easy properties: nonVisgy(z) C Ng(x), and if z and y
are vertices of H then y € nonVisy(x) if and only if z € nonVisg(y). The following two notions
are important in the context of clique-width.

Definition 2.2 ([14]). Let G be a graph and let H be a subgraph of G. Let X be a set of vertices
of H.

1) X is called a group of H with respect to G if every vertex pair u,v from X satisfies the
group condition: nonVisgca(u) = nonVisgcag(v).

2) X is called a supergroup of H with respect to G if every vertex pair u,v from X satisfies
the supergroup condition: nonVisgcg(u) € Ng(v).



It is important to remember throughout the paper that subsets of groups and supergroups
are also groups and supergroups; this is a direct consequence of the definitions.

Let G be a graph. We call (B, C) a partial partition of V(G) if B C V(G) and C C V(G)
and BN C = (). In particular, B and C may be empty sets. The following results are easy but
important facts about groups and supergroups.

Lemma 2.3 ([14]). Let G be a graph, let (B,C) be a partial partition of V(G), and let H =qef
G[B] ® G[C]. The following is the case with respect to G.

1) Ewvery group of H is a supergroup of H.
2) Every supergroup of H that is a subset of B is a group of G[B].
3) Every group of G[B] is a group of H.

A direct consequence of Lemma 2.3 is the fact that the notions of groups and supergroups
coincide on induced subgraphs.
Another easy property of supergroups is shown in the next lemma.

Lemma 2.4. Let G be a graph and let H be a subgraph of G. Let A C V(H). If A is a
supergroup of H with respect to G then H[A] = G[A].

Proof. Assume that there is a vertex pair u,v from A such that uwv € E(G) and uv ¢ E(H).
Note that uv is a non-visible edge of H with respect to G, so that v € nonVisgcg(u). Since
v € Ng(v), the vertex pair u, v does not satisfy the supergroup condition, and thus, {u,v} is not
a supergroup of H with respect to G. It follows that A is not a supergroup of H with respect
to G. =

We will often argue that two vertices cannot be contained in the same supergroup, by pro-
viding a witness. Let GG be a graph and let H be a subgraph of G. For a vertex triple u, v,y of
G where u and v are vertices of H, we say that y s-distinguishes v and v in H if one of the two
cases applies: (1) y € nonVisgcg(u) and y € Ng(v) or (2) y € nonVisgca(v) and y & Ng(u).
Note this important example: if v € nonVisy(u) then v s-distinguishes u and v, since v € Ng(v).

Lemma 2.5 ([14]). Let G be a graph and let H be a subgraph of G. For every vertex pair u,v
of H, {u,v} is a supergroup of H if and only if there is no vertex of G that s-distinguishes u
and v in H.

Let G be a graph and let H be a subgraph of G. A mazimal group of H is a group of H
that is not contained in any other group of H, all with respect to G. It is important to observe
that the group condition of Definition 2.2 is an equivalence relation, and the maximal groups of
H therefore define a partition of V(H).

2.2.2 Clique-width characterisation

Clique-width and linear clique-width can be characterised through labelled partition trees, that
are based on rooted binary trees. We repeat the necessary definitions: (1) a tree on a single
node u is a rooted binary tree with root u, and (2) for 7" and T"” vertex-disjoint rooted binary



trees with roots b and ¢, respectively, and for a a new node, T =g¢¢ (V(T" & T")U{a}, E(T' &
T")U{ab,ac}) is a rooted binary tree with root a, and the nodes b and ¢ are the children of a
in T. Every node of a rooted binary tree with a child is an inner node, and every node without
a child is a leaf. Observe that every inner node has exactly two children, and the root is an
inner node, unless the tree consists of one node only. Node names of rooted binary trees are
highlighted by underlines, to distinguish them from vertex names of the studied graphs.

We label the nodes of rooted binary trees by special partitions of subgraphs of graphs. Let
G be a graph and let H be a subgraph of G. Let A and B be sets of vertices of H. We call
A and B compatible in H with respect to G if at least one of the two cases applies: (1) there
is no vertex pair u,v of H with u € A and v € B and v € nonVisgcg(u) or (2) y € Ng(x)
for all vertex pairs x,y of H with x € A and y € B. A compatible supergroup partition for
H with respect to G is a partition of V(H) into supergroups of H with respect to G, and the
supergroups are pairwise compatible in H with respect to G.

Definition 2.6 ([14]). Let k be an integer with k > 1. Let G be a graph. A k-supergroup tree
for G is a rooted binary tree T whose nodes are labelled with partitions of subsets of V(G) such
that the following conditions are satisfied for every node a of T':

1) if a is a leaf of T':
the label of a in T is {{x}} for x some vertex of G

2) if a is the root node of T':
the label of a in T is a partition of V(Q)

3) if a is an inner node of T':
let b and c be the children of a in T and let {A1,..., Ap}, {Bi1,...,Bq} and {C4,...,C;}
be the labels of respectively a, b and c in T; then, the following conditions are satisied:

a) p<k

b) (BiU---UB,)N(CLU---UC,) =1

c) {Bi1,...,Bq,Ch,...,Cp} is a partition-refinement of {Ay,..., Ap}

d) {A1,...,Ap} is a compatible supergroup partition for G[B1U- - -UB,|&G[C1U- - -UC,].

It follows from the definition of supergroup trees that there is a bijection between the leaves
of T' and the vertices of G. A partition-refinement is a partition consisting of subsets of partition
classes.

By ¥7(a), we denote the union of the supergroups in the partition that is assigned to
node g in 7. In other words, if {A;,..., Ap} is the partition that is assigned to a in T then
Yr(a) = A1 U---U A, Note here that we will always and implicitly associate the assigned
partition labels with T

Let k be an integer with & > 1. A k-supergroup caterpillar tree is a k-supergroup tree where
each inner node has a child that is a leaf.

Theorem 2.7 ([14]). Let k be an integer with k > 1. Let G be a graph.
1) ewd(G) < k if and only if G has a k-supergroup tree.

2) lewd(G) < k if and only if G has a k-supergroup caterpillar tree.



2.2.3 Restrictions to induced subgraphs

We will prove our lower-bound results also be arguing about groups and supergroups in induced
subgraphs. The following definitions and results provide the technical means.

Lemma 2.8. Let G be a graph, let H be a subgraph of G, and let F C V(G). Let A be a
supergroup of H with respect to G. Then, A\ F is a supergroup of H \ F with respect to G\ F'.

Proof. Let A" =4t A\ F and G' =4t G\ F and H' =4 H \ F. Let u,v be a vertex pair
from A’, and we verify the supergroup condition for u,v. Observe that Ng/(v) = Ng(v) \ F
and nonVisgcq (u) = nonVisgcg(u) \ F', and since nonVisgcg(u) € Ng(v) by assumption, we
directly conclude that u, v indeed satisfies the supergroup condition. =

Lemma 2.8 is often applied to show bounds on the number of maximal groups. This often-
applied application is exemplified in the proof of the following direct consequence of Lemma 2.8.
We give a full proof of this consequence, also in order to provide more intuition about the
technical notions and arguments.

Corollary 2.9. Let G be a graph, and let H be an induced subgraph of G. Let B C V(H). The
number of mazimal groups of H[B] with respect to H is bounded from above by the number of
mazimal groups of G[B] with respect to G.

Proof. Let F =g4¢f V(G) \ V(H). Note that H = G\ F and H[B] = G[B] \ F. Let A be a
group of G[B] with respect to G. Due to the first statement of Lemma 2.3, A is a supergroup of
G[B] with respect to G. Since A = A\ F, A is a supergroup of H[B] with respect to H due to
Lemma 2.8, and thus, A is a group of H[B] with respect to H due to the second statement of
Lemma 2.3. Thus, every group of G[B] with respect to G is a group of H[B] with respect to H.
In particular, every maximal group of G[B] with respect to G is a group of H[B] with respect
to H, so that each maximal group of H[B] with respect to H is the union of maximal groups of
G[B] with respect to G, and the claim follows. =

Let ¢t be an integer with ¢t > 1. Let G be a graph and let X C V(G). Let T be a t-
supergroup tree for G. We define the reduced supergroup tree, that shall be the restriction of
T to the induced subgraph G[X]| of G. We define the reduced supergroup tree inductively by
associating reduced supergroup trees with the nodes of T. So, let a be a node of T" and let
{A1,...,A,} be the assigned partition:

o if gis aleaf of T:

if A7 € X then the X-reduced supergroup tree of T at a has a single node and the node
label is {A1}, and if A1 € X then the X -reduced supergroup tree of T at a is an empty
tree (recall that p =1 and |A;| = 1)

e if @ is an inner node of T":
let b and ¢ be the children of @ in T, and let T} and T, be the X-reduced supergroup trees
of T at respectively b and ¢;

if T, is an empty tree then the X -reduced supergroup tree of T at a is Tj, if T, is not an
empty tree and T} is an empty tree then the X -reduced supergroup tree of T at a is T, and



if T, and T, are not empty trees then the X -reduced supergroup tree of T' at a is obtained
from the disjoint union of T and 7T, by adding a and making a adjacent to b and to ¢ and
by labelling a with {(A1 N X),..., (4, N X)}\ {0}.

The X -reduced supergroup tree of T is the X-reduced supergroup tree of T' at the root of T'. The
following lemma is easy and straightforward to prove, and we give it without an explicit proof.
The proof mainly relies on Lemma 2.8 and the fact that the compatibility property extends to
induced subgraphs.

Lemma 2.10. Let t be an integer with t > 1. Let G be a graph. Let T be a t-supergroup tree
for G. Let X C V(G). The X-reduced supergroup tree of T is a t-supergroup tree for G[X].

We will apply Lemma 2.10 to prove lower bounds by arguing about structural properties of
supergroup trees of induced subgraphs.

3 Proper interval graphs and the bubble model

We define proper interval graphs and the bubble model. We define classes of proper interval
graphs that will be the studied graphs in this paper.

3.1 Proper interval graphs and bubble models

A proper interval graph is a graph whose vertices can be assigned closed intervals of the real line of
unit length such that vertices are adjacent if and only if their assigned intervals have a non-empty
intersection [21]. Proper interval graphs are interval graphs, chordal graphs and cocomparability
graphs. Proper interval graphs are widely studied and they have several characterisations [1, 9].
One characterisation is by vertex orderings. A proper interval ordering for a graph G is a
vertex ordering o for G, where o = (x1,...,x,), satisfying for every index triple 4, j, k with
1 <i<j<k<nthat z;z; € E(G) implies z;z; € E(G) and z;z, € E(G). A graph is a
proper interval graph if and only if it has a proper interval ordering [16].

Most characterisations of proper interval graphs reflect their linear structure, and this lin-
ear structure is often the foundation of efficient algorithms on proper interval graphs. In case
of clique-width, a different, a 2-dimensional model seems more suitable. A bubble model for a
graph GG is a 2-dimensional structure B = (Bi,j>1§j§s’1§i§rj that satisfies the following condi-
tions:

e ) CB;; CV(Q) for every i,j with1 < j<sand1<i<r;
e Bi1,...,B,, s are pairwise disjoint and (By 1 U---U B, s) = V(G)

e for every vertex pair u,v of G, where u € B; j and v € By j with 1 < j < j' < s:
wv € E(G) if and only if either (1) j =7 or (2) j+1 =4 and i > 7.

We call s the size of the bubble model B, and the sets B; ; are the bubbles.
Bubble models fully represent graphs, since they contain all vertices, and the edges are
completely characterised. A graph is a proper interval graph if and only if it has a bubble model
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Figure 1: The left side shows a graph, that is represented by the bubble model on the right
side. The vertices on the left are arranged as they appear in the bubble model on the right. The
bubble model contains empty and non-empty bubbles, and every non-empty bubble contains
exactly one vertex. The bubble model also satisfies additional technical assumptions except for
the non-emptyness of B,, j, that are all empty here.

[11], which means that the vertices of the graph can be placed in bubbles so that the edge set
is exactly determined through the model. An example of a proper interval graph and a bubble
model representation is given in Figure 1. Note that we will use the convention that B; ; is the
bubble in row ¢ and column j.

Let B = (B j)1<j<s,1<i<r; be a bubble model for a graph G'. As a technical observation, note
that s = 0 means that G has no vertex. Also note that r; = 0 is possible. For an index j with
1 <j < s, the bubbles By j,..., B, ; form a column of B, and each vertex from By ;U---UB,,
appears in column j of B, and each vertex of G has a corresponding column index. In our paper,
we only consider non-empty graphs, so that we can henceforth assume s > 1 for each considered
bubble model. Furthermore, it is no restriction to assume that the first and the last column of
a bubble model contain vertices, which means that r; > 1 and r; > 1. Finally, we will assume
for every 1 < j < s that r; > 1 implies B, j # (). If we represent a bubble model by drawing
all empty and non-empty bubbles then the bubble model of Figure 1 does not satisfy the last
technical assumption about By, ; # (). We will allow such easy relaxations in our drawings for
the sake of readability.

In this paper, we study proper interval graphs that have bubble models of special properties.

Definition 3.1. Let G be a proper interval graph.

1) Let B = (B )1<j<si<i<r; be a bubble model for G. We call B a full bubble model if the
following is satisfied for every index pair i,7 with 1 < j <s and1 <i <r;:
’Lf Bi’j ?é @ then Bifl,j 7& @

2) A full bubble model graph is a graph that has a full bubble model.

Observe that the bubble model of Figure 1 is not a full bubble model, since it has empty
bubbles “above” non-empty bubbles. We only mention here that there are proper interval graphs
without full bubble models. In fact, the graph of Figure 1 has no full bubble model. By adding
vertices to a proper interval graph and thereby filling empty bubbles, it is not difficult to see
that every proper interval graph is an induced subgraph of a full bubble model graph. Full
bubble model graphs can be recognised in linear time and a full bubble model for a full bubble
model graph can be computed in linear time [15].
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The objective of this paper is to compute the clique-width and linear clique-width of full
bubble model graphs, where our main focus is on the clique-width. We can therefore restrict our-
selves to connected full bubble model graphs without true twins, in accordance with Lemma 2.1.
At the end of the paper, we will briefly discuss the extension of our linear clique-width results to
disconnected graphs; the situation for true twins is complex [13]. The following lemma describes
a necessary condition on full bubble models for connected full bubble model graphs without true
twins.

Lemma 3.2. Let G be a full bubble model graph with full bubble model B = (B; j)1<j<s,1<i<r;-
If G is connected then r; > 2 for every 1 < j < s, and if G has no true twins then |B; ;| =1 for
every 1 <j<sandl<i<r;.

Proof. If r; < 1 then no vertex from By U---UB; 1UBjpU---U By, has a neighbour in
Bij41U---UB,, s. By our assumptions about bubble models, B,, 1 and B, s are not empty,
and thus, G is disconnected. If there is an index pair 4, j with |B; j| > 2 then the vertices in B; ;
are pairwise adjacent and have the same neighbours in G outside of B; ;, so that the vertices in
B; ; are pairwise true twins. =

Since we want to restrict to full bubble model graphs without true twins, we will hence-
forth assume |B; ;| = 1 for every considered bubble model B = (B j)1<j<s1<i<r;- We will
index the vertices as b; j, with the meaning of B;; = {b;;}. We will therefore also write B
as (bij)1<j<s1<i<r;- This indexation will be a major means to specify vertices. We will ex-
tend these notations and write (b1 j, ..., by, ;) to explicitly name column j of B, or, analogously,
(b1j,...,bp ) with 1 <p <r; for a “beginning” of column j of B. Since bubble models are very
visual, we believe that all used terminology about bubble models is straightforward understand-
able by the reader, even if not explicitly and fully defined.

As a final remark, we want to mention that Lemma 3.2 does not yield a characterisation
of full bubble models without true twins. Graphs with bubble models satisfying the lemma
may have true twins. Excluding these true twins and completing the necessary condition into a
characterisation is possible but technical, and unnecessary here.

3.2 Special classes of full bubble model graphs

A basic class of full bubble model graphs are path powers. Let k and n be integers with k > 1
and n > 1, let G be a graph on n vertices, and let A = (uy,...,u,) be a vertex ordering for
G. We call A a k-path layout for G if for every 1 < i < j < n, u; and u; are adjacent in G if
and only if j —i < k. A k-path power is a graph that has a k-path layout, and a path power is
an [-path power for some integer [. Path powers are full bubble model graphs; an example of a
4-path power on seventeen vertices and two representing bubble models are depicted in Figure 2.
It will be important that a k-path power on at most k 4+ 1 vertices is a complete graph, and
each maximal clique of a k-path power on at least k + 1 vertices has size k + 1. Furthermore,
the vertices of a maximal clique of a k-path power appear consecutively in each k-path layout
for the graph. Observe that the 1-path powers are exactly the induced paths. We will consider
graphs that are built from path powers for proving our lower and upper clique-width and linear
clique-width bounds.
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Figure 2: The top graph is a 4-path power on seventeen vertices. It has three pairwise disjoint
maximal cliques, that have size 5, and two vertices do not belong to the three maximal cliques.
The left below figure is a full bubble model for the graph. The right below figure is also a bubble
model for the graph, however not a full bubble model.

Our upper clique-width and linear clique-width bounds will be obtained from considering
“maximal” full bubble model graphs. We define these graphs in the following, through bubble
models. Let B = (b;j)1<j<s1<i<r; be a full bubble model. Let p,q be an index pair with
1 <p < q<sandletdbe an integer with d > 1. We say that [p, ¢ is a rectangle of B of depth d
if r, =---=ry =d and if either p =1 or r,_1 # d and if either ¢ = s or 7441 # d; the size of a
rectangle [p, q] is g—p+1, i.e., the number of comprised columns. Note that rectangles may have
size 1. Observe that a rectangle of depth d is a (d — 1)-path power. We may also understand
rectangles as a part of B. We will use [p, q] and (b; j)p<j<q,1<i<r; as being equivalent; we shortly
denote (b; ;)p<j<q,1<i<r; as B[p,ql.

Every bubble model admits a unique partition into rectangles. Let [p1,qi], ..., [p:, q:] be the
rectangles of the full bubble model B. We assume that p; = 1 and ¢;+1 = p;;1 forevery 1 <i < ¢
and ¢; = s, i.e., the rectangles are ordered from left to right according to their appearance in B.
Then, we can write B as (B[p1,qi], ..., B[pt, ¢]). We call (B[pi,q1],-..,B[pt, ¢:]) the rectangle
partition of B. We will apply the rectangle partition notion to describe full bubble models, by
specifying the rectangle partitions. Since our full bubble models should satisfy the conditions
of Lemma 3.2, i.e., each bubble contains at most one vertex, the correspondence between full
bubble models and their rectangle partitions is straightforward.

We define our graph classes by specifying rectangle partitions. Let k& be an integer with
k > 3. A k-model is a full bubble model B whose rectangle partition (By,...,B;) has at least
two rectangles, i.e., t > 2, and there is an integer d with d > k such that (By,...,B;) satisfies
the following conditions:

e 3; 1 is a rectangle of size k and depth d, and
B; is a rectangle of size 1 and depth 1

12



e for every index ¢ with 1 <17 <t — 2,
B, is a rectangle of depth k or is a rectangle of depth d and size at most k — 1.

Note that the definition of rectangles implies that the depths of the rectangles By, ..., Bi—1
alternate between k and d. We will distinguish between these two types of rectangles. A
rectangle of depth k is shallow, and a rectangle of depth d is deep. Then, the rectangles of a
k-model alternate between deep and shallow rectangles, and the parity of ¢ determines whether
the first rectangle, B, is deep or shallow. Recall that shallow rectangles are (k — 1)-path powers
and deep rectangles are (d — 1)-path powers.

We use k-models as a base class and define further special full bubble models. Let B be a
k-model with the rectangle partition (B, ..., B).

1) If the deep rectangles among By, . .., B;_o have size at most k—2 then B is an open k-model.

2) If t > 6 and By and B;_3 are deep rectangles of size (k — 1) and the deep rectangles among
B, ..., Bi_4 have size at most k — 2 then (By,...,B;_3) is a short-end k-model.

3) A k-model with small separators is obtained from B by deleting vertices from shallow
rectangles in the following way:

(1) for every 2 < i <t —2,if B; = B[p,q| is a deep rectangle of size (k — 1) then delete
bep—1 and b3 g11, - -, bp gr1;

(2) let a be with 2 < a < t—2 such that B, is a shallow rectangle and the deep rectangles
among Ba, ..., B, have size at most k—2, let B, = B[p, ¢, and choose b with p < b < ¢
and k' with &' > 1 and &' + |5 ] < k: delete by yop, ..., by

When constructing a k-model with small separators, note that vertices that are about to be
deleted may have already been deleted. Such can occur, for instance, when two deep rectangles
of size (k — 1) are separated by a shallow rectangle of size 1. Schematic drawings of the four
defined models are shown in Figure 3.

We will show that open k-models, short-end k-models and k-models with small separators
represent the maximal full bubble model graphs of clique-width at most k41 and open k-models
and short-end k-models represent the maximal full bubble model graphs of linear clique-width
at most k + 1. The upper bounds are proved by defining expressions for shallow and deep
rectangles, and these expressions will be combined into expressions for the whole graph. As
a final remark, note that a rectangle of size 1 represents a complete graph, that contains true
twins. Even though we excluded the existence of true twins, we allow deep rectangles of size 1 in
our k-models, and therefore true twins in the represented graphs, in order to avoid unnecessary
case distinctions.

4 Clique-width upper bounds for k-model graphs

In Subsection 3.2, we defined classes of bubble models. In this section, we show upper bounds
on the clique-width and on the linear clique-width of graphs having such bubble models. These
upper bounds will be obtained from special expressions for shallow and deep rectangles, that
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open k-model, with a shallow first rectangle
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short-end k-model

s amg

k-model with small separators

Figure 3: The figure illustrates the structure of k-models and the derived special classes. The
rectangle partition of the k-model, on the top, has twelve rectangles, that alternate between
shallow and deep. The vertex deletion for k-models with small separators is illustrated for a
deep rectangle of size (k — 1), the fourth deep rectangle from the left, and deletion in shallow
rectangles is applied to the left two shallow rectangles. For a k-model with small separators,
only one of the two shallow rectangles may be selected.

are shown in the first part of this section, and combining these expressions, which is done in the
second part of this section. The constructions repeat, apply and extend ideas from [15].

4.1 Particular linear expressions for shallow and deep rectangles

We consider shallow and deep rectangles separately. We begin with shallow rectangles. Recall
that a shallow rectangle of a k-model is a (k — 1)-path power. The expression is built on a
(k — 1)-path layout, by creating the vertices from right to left. For a brief description of the
construction, consider the situation in Figure 4: the currently newly created vertex has label 2,
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Figure 4: The figure illustrates the typical situation in a linear expression for a 4-path power.
The vertices with label 1 have already received all neighbours, the vertex with label 2 is the
newly created vertex, and the vertices with labels 3,4, 5, 6 are the already created neighbours of
the new vertex.

its already created neighbours have labels 3,4,5,6, and the vertices with label 1 have received
all their neighbours already. For the correspondence between path layouts and bubble models
for path powers, re-consult Figure 2.

Lemma 4.1 (Shallow rectangles). Let k and n be integers with k > 2 and n > k. Let G be
a (k — 1)-path power on n vertices with (k — 1)-path layout (v1,...,v,). Then, G has a linear
(k 4 1)-expression o with inactive label 1 such that the following two conditions are satisfied:

o « begins with o/ = 3(vp—g42) D (- @ (k+1)(vp) )
e in val(a): v; has label i + 2 for every 1 <i < k and vy, ..., v, have label 1.

Proof. The desired expression first defines G[{v,_k12,...,0n}]. If k = 2 then a,,_g10 = =def
o, if k =3 then ay,_j12 = an—1 =def M k+1}(a’), and if k& > 4 then

Qn—k+2 =def 773,{4,...,k+1}(774,{5,...,1:-',-1}('"77k7{k_,’_1}(0/)...)).

Observe that label 1 is inactive in a,_r+2. Next, we add the other vertices of G by following
the given path layout. For ¢ an index with 1 <¢ <n —k + 1, we define «; by extending «;41:

Qi Zdef  P2s3—d— ko (k+1)—1 (12,43, k13 (2(Vi) @ @it1)) -

It is not difficult to verify that [val(a;)] is equal to G[{v;,...,v,}] for every 1 <i <n —k + 1,
particularly since vj41,...,v;4x—1 are the neighbours of v; in G[{v;,...,v,}]. S0, @ =gef 1 is a
desired expression for G. =

The result of Lemma 4.1 is slightly more general than necessary for a result about shallow
rectangles, since the path powers of Lemma 4.1 may have arbitrary numbers of vertices, and the
number of vertices of a rectangle is a multiple of its depth. In fact, our application of the lemma
to shallow rectangles will make use of this more general result. This completes the consideration
of shallow rectangles.

We turn to the consideration of deep rectangles. Deep rectangles are also path powers, and
we can therefore apply the construction of Lemma 4.1 to obtain linear expressions. However,
the number of used labels will correspond to the depth of the rectangle. Instead, we want
linear expressions using few labels, whose number is bounded in the size of the rectangle. We
distinguish between three cases about deep rectangles, and the three cases are determined by
the size of the rectangles: we consider deep rectangles of size k, of size k — 1 and of size at most
k—2. The expressions to be constructed have similarities and their specialities. The constructed
expressions need to ensure their applicability in the construction of expressions for k-models.
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Figure 5: The three figures illustrate the construction of Lemma 4.2. With d =9 and k = 5, the
left-side figure illustrates the different indexations of the vertices: by 1 = v1, bg,1 = vg, b12 = V1o
and b1 6 = v,. The vertex set is partitioned into a lower- and an upper set, that are indicated
by the two areas of different grey. The three figures illustrate three typical situations during the
construction of a linear expression.

Lemma 4.2 (Deep rectangles of size k). Let d and k be integers with d > k > 1, and let
n =gef kd+ 1. Let G be a (d — 1)-path power on n vertices with (d — 1)-path layout (vy, ..., vy).
Then, G—vy has a linear (k + 1)-expression a such that in val(a): v; has label i + 2 for every
2<i <k andvg,...,vq have label 3 and vg41,...,vn have label 1.

Proof. Let <bi,j>1§j§s,1gi§rj be a full bubble model for G where v; = b;; for every 1 < i <d
and s =k+1and rp =--- =rs_1 = d and r; = 1; such a bubble model clearly exists and is
straightforward to construct; consider the left-side figure of Figure 5 for an illustration. Using
the vertex names of the bubble model, the given (d — 1)-path layout for G may also be written
as (bi,1,--.,b41,01,2,-..,04k, b1 k+1). The desired linear expression for G—by,; is defined in two
steps. We partition the vertex set of G—b; 1 into a “lower” and an “upper” set. In the first
step, we treat the lower-set vertices, and in the second step, we treat the upper-set vertices. The
construction is illustrated by the three figures of Figure 5, and the two sets are indicated by the
two differently shaded areas in the figures.

We treat the lower-set vertices. Let Ay =qef {1} and A; =ger {j — 1,4} for 2 < j < k. We
use A1,..., Ay as label sets, representing the neighbours of a new vertex. Let 7,7 be an index
pair with 2 <i¢<dand 1 <j <kandi+j>k+1. Observe that b;; is a lower-set vertex. Let
aq i =det k(ba) for the beginning, and let

Oéi+171))) , ifj =kand k<i<d
@ij =def  Plh+1)—j (Me+1,4, (K + 1) (bij) & { qiy16—:))) ,if j=kandi<k
ai7j+1))) s if 1 <ji< k

The vertices are added row-wise bottom-to-top, and within a row from right to left; this ordering
is defined through the expression that is extended. The left-side figure of Figure 5 shows a typical

16



situation during the construction: the vertex with label 6 is the one currently to be added, and
its neighbours are exactly the vertices with labels 2 and 3, i.e., with labels from Az. The middle
figure of Figure 5 shows the situation after completing the first step, which means, after adding
all lower-set vertices. The final obtained expression is ap ;1. Recall that k > 2. This completes
the first step.

We treat the upper-set vertices. We add the vertices by following the diagonals, as it is
indicted in the right-side figure of Figure 5. First, we add the vertices by, and by 41, which is
a special situation. Let

g =def Pt )=k (Met1k (B + 1) (01 k11) © Mg1,4, (K +1)(b1x) © azp-1)))-

It is important to note that no vertex of val(ay ) with label k has a non-visible neighbour. Now,
we define the diagonals. For 3 <t < k, let D(t) =qef {bij : i +j =1t} = {bi—11,...,b14-1}.
Observe that the vertices from D(3)U---U D(k) are exactly the vertices of G—by,; that are not
of val(av1 ). We add these remaining vertices in this order: D(k),...,D(3). For every 3 <t < k,
we assume that there is a linear (k + 1)-expression d; such that val(d;) has the following column
properties:

e the vertices from D(3)U---UD(t) are exactly the vertices of G—bj ; that are not of val(d;)
e the vertices of columns ¢,...,k + 1 have label ¢

o for every 1 < j <t, by_ji1,5,...,bq; have label j
(these are the vertices of column j that are not in D(3) U---U D(¢)), and

bi,1,.-.,bq1 have label 1, and b; 1 has label i 4 2 for every ¢t < i < k
(these are the vertices of column 1 that are not in D(3) U --- U D(t)).

Observe that no vertex of val(dy) has label (¢ + 1), and all other labels are assigned to some
vertex of val(d;). Choosing 0 =get @1 %, an expression having the column properties exists for
the case of t = k.

The continuation of the construction begins with ¢;, and we add by ;1. For 4 <t <k, let:

Q12 =def Pa-3-2(M4,01,2,5,.. k+1} (4(b1,2) © d3))
M1 =def P+ 1)t (t—1) (1,4, ((E+ 1) (b1-1) B 6r)) -
Observe about aq,...,a1 ;-1 that by;—1 of val(ai—1) is the unique vertex with label ¢, and
label (¢ + 1) is not assigned to any vertex of val(ag¢—1). We prove the existence of the claimed
expressions 03, ...,0x_1 by adding the remaining diagonal vertices.

Let t be with 3 <t < k, and let ¢, j be an index pair with 2 <: < kand 1 <j <k —1 and
i+j =t. Note that b; ; € D(t). Assume that ;1 ;41 is already defined and that b;_ 41 is the
unique vertex of val(a;_1 j41) with label ¢, and no vertex of val(c;—1 j4+1) has label (¢ + 1), and
val(c—1,+1) has the column properties for all other vertices. Then, where j > 3, let:

Q51 =def Pt—>2(nt+1,A1u{t+2,.,.,k+1}u{t}((t + 1)(bz‘,l) ©® Oéi—l,2))
Qi2 Zdef  P(t41)—t—3Mi+1,As0f42,.. k+130{e} (E+ 1) (bi2) © @i13))
Qg =def Pt 1)—st—(+1) Mer1,a,000) (E+ 1) (big) © ai1,j+1)) -
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Figure 6: The three figures illustrate the construction of Lemma 4.3, using d = 8 and k£ = 6:
before adding by 6 in the left-side figure, when adding b3 ¢ in the middle figure, and when adding
b1,6 in the right-side figure.

Carefully analysing the defined expressions shows that val(c; 1), where i = ¢t —1, has the column
properties, and thus, we can choose 6;_1 as a;1 = o—1,1-

The final constructed expression is a9 1. It remains to relabel vertices to satisfy the conditions
of the lemma. So, we obtain the desired expression as o =gef p2—1-3(a2,1) . This completes the
construction and the proof. =

Lemma 4.3 (Deep rectangles of size k — 1). Let d and k be integers with d > k > 2, and let
n =def (k—1)d+2. Let G be a (d—1)-path power onn vertices with (d—1)-path layout (v, ..., vy).
Then, G—v1 has a linear (k + 1)-expression o with inactive label 1 such that the following two
conditions are satisfied:

o a=d'(2(vy,) ® "), and label 1 is inactive in o

e in val(a): v; has label i + 2 for every 2 < i < k —2 and vg_1,...,vq have label 3 and
Vdt1, - - -, Un have label 1.

Proof. The construction is very similar to the one from Lemma 4.2. Let (b; j)1<j<k1<i<r; be a
full bubble model for G, where b1 1 = v; and by ;, = v,—1 and by, = v,,. By a simple modification
of the first-step construction about the lower-set vertices in the proof of Lemma 4.2, there is a
linear (k + 1)-expression «’ such that G[V([val(a”)])] = [val(a”)], i.e., @ defines the induced
subgraph of G—v; on the lower-set vertices, and in val(a”):

e by 1 has label 1, and by ;1 has label 2, and b3 ;_1,...,bq,—1 have label (k+ 1)
o forevery 1 <j<k—2, by_jj,...,bq; have label (j + 2).
The result of o is illustrated in the left-side figure of Figure 6. Next, let
o1k =def P(ir1)—1(P251(M2,k41(2(01k) D o (k1) (M2,k+1(2(b2,) @ ")),

and the result of o j, before applying the last two p-operations, is illustrated in the middle and
right-side figure of Figure 6.

The final expression is obtained analogous to the construction for the upper-set vertices in
the proof of Lemma 4.2. u
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Figure 7: The figure illustrates the construction of a linear expression for deep rectangles, as it
is defined in the proof of Lemma 4.4. We consider a rectangle of size 5 and of depth 11, and the
value of the parameter k is 7. To construct the expression, the rectangle is partitioned into three
areas, which are indicated in the central figure part by different shades of grey. In a first step,
the vertices of the middle part are created, in a column-wise manner, the columns from right
to left and within a column from bottom to top. A typical situation during the construction
is depicted. In a second step, the vertices of the lower part are created, row-wise from top to
bottom and within a row from left to right. In a third step, the upper-part vertices are created,
by following the diagonals.

Lemma 4.4 (Deep rectangles of size at most k — 2). Let d, k and q be integers with d > k >
k—2>q>1, and let n =qet qd+k. Let G be a (d—1)-path power on n vertices with (d—1)-path
layout (v1,...,vyn). Then, G—v1 has a linear (k+ 1)-expression o with inactive label 1 such that
the following two conditions are satisfied:

o « begins with &' = 3(vp_g12) B (- & (k+1)(vy)--+)

e inval(a): v; has label i+ 2 for every 2 < i < k and vg, . ..,vq have label 8 and vgy1,...,v,
have label 1.

Proof. The construction of the desired expression is similar to the construction of Lemma 4.2
in parts. It is nevertheless more complex due to the requirements about the beginning of the
expression and the value of n. Let (bi,j>1§j§s,1§i§7'j be a full bubble model for G with b; 1 = v;
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for 1 <i < k. Note that s=q+1andry =---=1rs_1 =d and r;, = k. The major construction
steps are illustrated in the accompanying Figure 7.

We partition the vertex set of G—v; into three parts: an upper set, a middle set and a
lower set. The three sets are indicated by the three differently shaded areas in Figure 7. The
construction will take the middle-set vertices first, then the lower-set vertices, and then the
upper-set vertices. After the second step, when the middle- and lower-set vertices are added,
the situation will resemble the situation after the first step of the construction for Lemma 4.2.
Again, vertices from the same column will receive the same label, and we will call this label the
“standard label” of the column. For every 1 < j < ¢+1, let aj =gef (k—¢q) +j. Since k —q > 2
due to the assumptions of the lemma, a1 > 3 and a,+1 = k + 1. Label a; will be the standard
label for column j.

The first step takes the middle-set vertices, column-wise, from right to left. We define
expressions d; ;. Let 02,11 =der 13,4, k+1} (M4, (5, k+1} =+ (M {kt13(0")) -~ - ), and observe that

[val(d2,g+1)] is equal to G[{vp—k42,-..,0n}], and by g1 = v, has label ag4q in val(dag41). Let
j be a column index with 1 < j < ¢. Note that the vertices of column j in the middle set are
by—j+3,4,---,br ;. Let i be a row index with ¢ — 7 +3 <4 < k. We want to add vertex b; ;, and

we assume that an expression d;41 ; for the case of ¢ < k or an expression d,_ ;2 ;41 for the case
of i = k is already defined. We assume about val(d;;1 ;) or val(dg—j42,+1): the non-neighbours
of b; j have their respective standard label and the neighbours of b; ; have labels 3,...,aj41 — 1.
Then, let

Og—jr2j+1))---)) Hifi=k

0ii = = a3 (2(b;5) ®
J def  P2—3—4—-—a;— ]+1(772,{3,..., ]}( ( ,J) {5i+1,j))"')) i<k

The final expression for the middle-set vertices is d442,1. We list two column properties about
val(dg+2,1):

o for 2 < j < ¢+ 1, the vertices of column j have their standard label a;, and
bg12,1s---,br—1,1 have label respectively 3,...,a; —1, and the other vertices from column 1
have label aq

e no vertex has label 1 or 2.

In case of val(d44+2,1), “the other vertices from column 1” only applies to by ;. This completes
the construction of the first step and for the middle-set vertices.

For the second step, we consider the vertices from the lower set. The construction is like the
first step of the construction in the proof of Lemma 4.2 in reverse order. It takes the vertices
row-wise top-to-bottom, and within a row from left to right. Let (i =det 0¢g+2,1. Let ¢ and j
be indices with K+ 1 <i<dand 1 <j <gq. Let

Bix =def P2a1 (M2,13,..a1}Ufas} (2(bi1) @ Biz1,4))
Bij =def  P2—a;(M2,{a;,a;,13(2(bij) ® Bij—1)) -

The final expression for the middle-set and lower-set vertices is 4 ,. Observe that [val(fg4)] is
equal to the subgraph of G—v; induced by the middle- and lower-set vertices. It is necessary and
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useful to observe that val(84,) also has the above listed two column properties. This completes
the construction of the second step.

For the third step, we consider the upper-set vertices. The construction is reminiscent
of the second step of the construction in the proof of Lemma 4.2. Let t be an integer with
3<t<qg+2,and let i,j be an index pair with 1 <j<g+land 1 <i<qg+landi+j="1.
Let Ay =ger {3,...,a1 —1} U{ay,...,aq41}. Note that Ay ={k—q+t,...,k+ 1}, for the case
ofg=k—-2,or Ay, ={3,...,k—q,k—q+t,...,k+ 1}, for the case of ¢ < k — 3. We define q; ;
so that b; ; in val(a; ;) has label a;—1 and val(a; ;) for all the other vertices has the following
column properties:

e vertices from columns ¢t —1,...,¢ + 1 except b; ; have label 1, and
vertices from columns 2, ...,t — 2 have their respective standard labels ao, ..., a;_o
® bp1,...,bq1 have label a1, and b1, ..., br_1 1 have pairwise different labels from A;.

Let agq21 =def Ba,q- With 7 > 3, let

Q12 =def P2-az—1(1M2,430{ar,a2}(2(b1,2) ® a31))
Q1j =def  P2-a;—1(M2,{a;_1,a;} (2(b1,7) © jp1,1)) -

If ¢ =1 then a1 = B4q = Ba,1, and the construction is (almost) completed. Otherwise, ¢ > 2,
and we add the other vertices of a diagonal. With j > 3 and ¢ > 3 and ¢t > 3 for a;_1,;1 and
t >4 for ay_g9, let

@2 =def  P2ar1-1(M2fa;_1,a5,a0-1}(2(02,5) ® @154+1))
Qij =def P2—ar-1—aj11 (M2, {a; 105,001} (2(0ij) © @i1,j+1))
Qt_22 =def P2—a;_1—a3 (nQ,AtU{al,ag,at_1}(Q(bt72,2) ¥ O‘t73,3))

Q1,1 —def P2—ai_1—az (nQ,AtU{al,atfﬂ((2(bt*171) ® O‘t*2,2)) .

It is straightforward verified that the defined expressions have the requested column properties.
This completes the construction of the third step.

The (almost) final expression for G—uv; is az 1. With the column properties for ap 1, it is
not difficult to see that ag; is indeed a linear (k + 1)-expression for G—v; with the desired
properties, except for the labels of the vertices from the first column: the vertices ba 1,...,bx—1,1
have pairwise different labels, but the assignment may differ from the requested one, and the
vertices by 1,...,bq 1 have label a1, which may not be label 3. So, it remains to change these
labels, by using the unassigned label 2. This completes the construction. =

4.2 The composition lemma and the upper-bound results

In the preceding subsection, we showed the existence of special linear expressions for path
powers, that relate to shallow and deep rectangles of k-models. In this subsection, we combine
these expressions into expressions for the three types of full bubble models that we defined in
Section 3.
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We begin with a technical result that facilitates the composition of expressions for smaller
graphs into expressions for larger graphs. Let F' and H be two (arbitrary) graphs. The union
of F and H is denoted as F' 4+ H and is the graph on vertex set V(F) U V(H) and with edge
set E(F)UE(H). The disjoint union of two graphs is a special case of the union, where the two
graphs must be vertex-disjoint.

Lemma 4.5. Let k be an integer with k > 1. Let G be a connected graph and let F' and H
be induced subgraphs of G such that G = F + H. Let S =gt V(F) NV (H), and assume that
S ={u,...,ur}.

Let § be a linear k-expression for H, let £y, ..., 0, be labels from {1,... k} such thatuy,..., u,
have label respectively £1, ..., L, in val(d), and let 5 be a linear k-expression for F. Assume that
B and § satisfy the following conditions:

e B=pF1(u1) @ - D (Ur_1(ur_1) ® Lr(uy))---) or
B=0U1(u)® & lro1(ur—1) ® (lr(u,) ®B")) )

o the vertices from V(H) \ S have label 1 in val(d)
e label 1 is inactive in [3'.
Then, B'(8) or B'(6 ® B") is a k-expression for G, and B'(8) is a linear k-expression.

Proof. Since § is a linear k-expression and /3’ is an end of a linear k-expression, it is straightfor-
ward to see that §/(9) is a linear k-expression. Let oo =ger 5(0) or @ =ger 5'(6 ® 8”), depending
on whether 8” is defined or not. For the following arguments, we will not need to properly
distinguish between the two cases and simply assume the latter case with a possible “empty”
expression 3”. Observe the following simple observations:

e since the vertices from V(H) \ S have label 1 in val(d), and since label 1 is inactive in ',
the vertices from V(H) \ S have label 1 in val(«), and
val(@)J[V(H) \ 5] = [val(§)][V(H) \ S] = H\ S

e the vertices of F'\ S are not vertices of H, so that

val(B)][V(F) \ S] = F\ S and [val(a)][V(F)\ §] = F'\ §

o [val(9)][S] = H[S] and [val(B)][S] = F[S] and H[S] = G[S] = F[S], and thus,
[val(a)][S] = G[S].

So, [val(a)] coincides with G on the three induced subgraphs G[S], F'\ S and H\S. In particular,
each vertex of G is a vertex of [val(«)]. It remains to check the edges. It is important to note that
no vertex of F'\ S is adjacent to a vertex of H \ S, which is a consequence of the assumptions
of the lemma. So, let u,v be a vertex pair of G with u € S and v € S. If v is a vertex of
H then uv € E(G) if and only if wv € E(H), if and only if wv € E([val(d)]), if and only if
wv € E([val(«)]). For the latter equivalence, it is most important to recall that the vertices of
H\ S have label 1 in val(d) and label 1 is inactive in 8. So, non-adjacent vertex pairs of H cannot
become adjacent through an operation of 3'. Similarly, if v is a vertex of F' then uwv € E(Q) if
and only if uv € E(F), if and only if wv € E([val(5)]), if and only if uv € E([val(«)]). Thus,
[val(a)] = G. =
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The set S of Lemma 4.5 is a separator of G. We will prove the main result of this section,
upper bounds on the clique-width and linear clique-width for the three special classes of proper
interval graphs, by splitting the graphs on separators and combining expressions for smaller
graphs into expressions for larger graphs.

We need to distinguish between linear expressions and expressions that may not be linear. We
consider open k-models and analogous models obtained from k-models with small separators.
An open k-model with small separators is obtained from a k-model B by first applying the
vertex deletion about the deep rectangles of size £ — 1 and then deleting the first rectangle
of B. Alternatively, we can say that an open k-model with small separators is obtained from
a k-model with small separators by deleting the first rectangle and re-inserting the deleted
vertices by/42p, ..., b p-

Lemma 4.6. Let k be an integer with k > 3. Let G be a proper interval graph on at least two
vertices, and let B = (b; j)1<j<s,1<i<r; be a bubble model for G.

1) Assume that B is an open k-model. Then, G—bi 1 has a linear (k + 1)-expression o such
that in val(a): ba,...,bx—1,1 have label respectively 4,...,k +1 and by1,...,b. 1 have
label 3 and the other vertices have label 1.

2) Assume that B is an open k-model with small separators and the first rectangle of B is not
a deep rectangle of size k—1. Then, G—by 1 has a (k+1)-expression a such that in val(o):
ba1,...,bk—1,1 have label respectively 4,...,k + 1 and bg1,...,by 1 have label 3 and the
other vertices have label 1.

3) Assume that B is an open k-model with small separators and the first rectangle of B is a
deep rectangle of size k — 1. Then, G—b11 has a (k + 1)-expression o such that in val(o):
ba1,...,bk—21 have label respectively 4,. ..,k and by_11,...,by 1 have label 3 and the other
vertices have label 1.

Proof. We prove the result by induction on the rectangle partition of B. For the proof, we will
distinguish between deep rectangles and rectangles that are not deep. In case of open k-models,
the latter are clearly the shallow rectangles. In case of open k-models with small separators, also
rectangles of size 1 and depth 2 or k — 1 need to be considered. We simplify the proof and the
cases by joining such rectangles. A shallow pseudo-rectangle is the combination of consecutive
rectangles of B that are not deep. We can say that the rectangles between two consecutive
deep rectangles form a shallow pseudo-rectangle. In case of open k-models, the shallow pseudo-
rectangles are the shallow rectangles. In case of open k-models with small separators, a shallow
pseudo-rectangle may be the combination of up to three rectangles of depth at most k. In the
proof, we use some informal terminology, whose meanings should be clear without a proper
definition.

Let (Bi,...,B:) be the pseudo-rectangle partition of 5. Since G has at least two vertices,
t > 2 clearly holds. Let d be the depth of the deep rectangles. If t = 2 then G is a (d — 1)-path
power on kd + 1 vertices, and the desired linear (k + 1)-expression exists due to Lemma 4.2.
Note that the expression is valid for the three cases, and the third case does not apply. We
henceforth assume ¢t > 3. We consider the three cases of the lemma simultaneously and discuss
the differences when they are important.
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We consider By. Recall that By is a deep rectangle or a shallow pseudo-rectangle. Let g be
such that By = B[l,q|, and let M be the set of the vertices in By, i.e., M = {br1,...,br, 4}
We apply the induction hypothesis to G \ M in the following way, by distinguishing between
three situations. If B is an open k-model then (Ba,...,B;) is an open k-model for G \ M. If
B is an open k-model with small separators and B is a deep rectangle of size at most k — 2
or a shallow pseudo-rectangle then (B, ..., B;) is an open k-model with small separators for
G\ M. And if B is an open k-model with small separators and B is a deep rectangle of
size k — 1 then 7441 = 2, and (Ba,...,B;) can be obtained from an open k-model with small
separators by deleting vertices from the first column. In all situations, we can apply the induction
hypothesis and obtain appropriate (k + 1)-expressions: there is a (linear) (k + 1)-expression §
for G\ (M U {b1 g+1}) such that one of the following three is the case in val(d):

1) b2 441 has label 2 and the other vertices have label 1

2) b2g11,- -, br_1,4+1 have label respectively 4,...,k+1 and by g1, - -, by, g+1 have label 3
and the other vertices have label 1

3) b2,g41;---,bk—24+1 have label respectively 4, ...,k and br_1,g41,- - -, br,1,q+1 have label 3
and the other vertices have label 1.

The second situation is the “standard” situation and directly corresponds to the induction
hypothesis. The first situation is the case if B; is a deep rectangle of size k — 1, and we obtain
the expression by deleting the unnecessary vertices. The third situation is the case if By is a
deep rectangle of size k — 1, in particular, B must be an open k-model with small separators.
Note that B; is a shallow pseudo-rectangle in the third situation. We distinguish between the
two cases about Bi, whether it is a deep rectangle or a shallow pseudo-rectangle.

First case: By is a shallow pseudo-rectangle

Note that Bs is a deep rectangle, and a (k + 1)-expression 6 for G'\ (M U{by +1) of the required
properties exists due to the induction hypothesis. Recall that J is a linear (k + 1)-expression if
G\ M has an open k-model. Let

0" =det P23-1(M2 (3, k13 (2(b1,g41) ®9)),

which is a (linear) (k + 1)-expression for G \ M such that in val(¢’): b g41,...,bk—2,4+1 have
label respectively 3,...,k and by_1 441 has label (k+1) or 1 and the other vertices have label 1.

Assume that By is a deep rectangle of size k or of size at most k — 2. Note that the
second above situation is the case. Let S =qef {b1,g+1,--,bp—1,4+1}, and let F =4¢¢ G[M U S].
The vertices from S have pairwise different labels from {3,...,k + 1} in val(é’) and F is an
induced subgraph of a (k — 1)-path power F’ on kq + (k — 1) vertices with the (k — 1)-path
layout <b171, ce bk,la b172, e bk,qa b17q+1, R bk—l,q+1> . Observe that V(F/) N V(G \ M) = S.
We apply Lemma 4.1 to F'—b;; and obtain a linear (k + 1)-expression for F’'—by 1, and by
applying Lemma 4.5 to F’ and G\ M, we directly conclude the existence of a (linear) (k + 1)-
expression for (F'—b; 1)+ (G\ M) of the desired form. If B; is a shallow rectangle then F' = F’,
and we can conclude. If B; is not a shallow rectangle then r; = 2, and we obtain the desired
(k + 1)-expression by deleting the additional vertices of F”.
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Assume that Bs is a deep rectangle of size k — 1. Then, the third above situation is the case.
We proceed analogous to the previous case, by choosing 5" =get {b1,g41,---,0k—2,4+1}, and F’
will be a (k — 1)-path power on ¢k + (k — 2) vertices. O

Second case: By is a deep rectangle

Note that B5 is a shallow pseudo-rectangle, and 37 is a deep rectangle of size ¢. Assume g < k—2.
Then, rg41 = k—1or rgy1 = k, and the former is only the case if Bs is a shallow pseudo-rectangle
of size 1 and B3 is a deep rectangle of size k — 1.

Let S =qef {b2,g+1s--+»brgp1,g+1)- Let F' be a (d — 1)-path power on qd + k vertices such
that G[M U S] is an induced subgraph of F’. Observe that F' = G[M U S] if r¢41 = k, and F’
has by, 4+1 as an additional vertex if rg41 = k—1. We can apply Lemma 4.4 to F” and its (d—1)-
path layout (b1 1,...,b41,01,2,--.,0d,4,b1,g+1, 02,441, - - -, bk g+1) , and by applying Lemma 4.5, we
obtain the desired (linear) (k + 1)-expression for G—by ;.

Assume that Bj is a deep rectangle of size k — 1, i.e., ¢ = k — 1. Then, r411 = 2 must hold,
and G[M U {b1 411, b2,4+1}] satisfies the assumptions of Lemma 4.3. Let o = o/ (2(ba,q+1) ® )
be the linear (k + 1)-expression for G[M U {by 41, b2 ¢+1}]—b1,1 according to Lemma 4.3. Then,
(6 @ ) is a desired (k + 1)-expression for G—by 1, that will not be linear. o

We have constructed desired (k + 1)-expressions for G—b; ;1 from (linear) (k + 1)-expressions
for induced subgraphs and iteratively combining them through Lemma 4.5. This completes the
proof. =

The expressions of Lemma 4.6 will be central in the construction of appropriate expressions
for our considered graph classes, to obtain the upper-bound results. To make the lemma appli-
cable in further cases, we define a basic but useful index transformation on bubble models. We
describe the operation on “right-side open” k-models; the transformation itself is general and is
executable on every bubble model. Let k be an integer with £ > 3, and let G be a graph with
a k-model B = (b;j)1<j<s,1<i<r;- Let (Bi,...,B;) be the rectangle partition of B. Note that
B;_2 is a shallow rectangle of B. Let p,q be such that B;_> = B[p, q]. Note that (b1q,...,bkq)
is column ¢ of B. We consider F =q¢f (Bi,...,B;_2). Let H be the induced subgraph of G with
bubble model F. We show that H is an induced subgraph of a graph with an open k-model
whose first column begins as (byq,...,b1,4). The index transformation on F can be described
in four steps, and the four steps are illustrated in Figure 8. We begin with F and separate the
lower parts of the deep rectangles (step 1) and move these parts above and shift them by one
column to the right (step 2). It is important to observe and straightforward to verify that this
is still a bubble model for H, however it may not be a full bubble model anymore. Next, we
perform a half-circle rotation on the model (step 3), which is also equivalent to a horizontal and
then a vertical flip, and finally, we add new vertices and fix the new rectangle partition, and
obtain an open k-model for a graph that contains H as an induced subgraph (step 4).

Proposition 4.7. Let k be an integer with k > 3. Let G be a proper interval graph.
1) If G has an open k-model then lewd(G) < k + 1.
2) If G has a short-end k-model then lewd(G) < k + 1.

3) If G has a k-model with small separators then cwd(G) < k + 1.
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Figure 8: Taking a k-model and deleting the last two rectangles represents a graph that is an
induced subgraph of a graph with an open k-model, as the four index transformation steps show.
The two indicated vertices provide points of reference during the transformation.

Proof. We show that appropriate (k + 1)-expressions for G exist, by separately considering
the three different models. If G has an open k-model then the first statement of Lemma 4.6
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Figure 9: A linear (k + 1)-expression for a graph with a short-end k-model is obtained by
extending a linear (k + 1)-expression for a graph with an open (k + 1)-model. The figures
illustrate three intermediate situations during the extension, for the special case of k = 6: the
beginning in the left-side figure, adding the upper-set vertices in the middle figure, and before
adding the lower-set vertices in the right-side figure.

is applicable, and by adding the remaining vertex to the obtained expression, analogous to the
construction of ¢’ in the proof of Lemma 4.6, we obtain a linear (k + 1)-expression for G, and
lewd(G) < k + 1 follows, which proves the first statement of the proposition.

We prove the second statement of the proposition. Let B = (b; j)1<j<s,1<i<r; be a short-end
k-model for G, and let (By,...,B;) be the rectangle partition of 5. Recall that B; is a deep
rectangle of size k — 1 and B;_; is a shallow rectangle. Let H be the induced subgraph of G
defined by the restriction of B to (Bi,...,B;—1), and let ¢ =qef s — k + 1. Then, (b1 g,...,brq)
is the last column of B;_1. Now, recall from the discussion preceding the proposition statement
that H is an induced subgraph of a graph F' that has an open k-model F = <fi,j>1§j§s’,1§i§r9
such that (fi1,..., fe—1.1, fk1) = (Okg,---,b24,b14). So, as shown for the first statement of
the proposition, F' has a linear (k + 1)-expression ¢ such that in val(d): fi1,..., fr—1,1 have
label respectively 3, ...,k + 1 and the other vertices have label 1. Thus, H has a linear (k + 1)-
expression 0’ such that in val(d’): bag, ..., by have label respectively k+1,...,3 and the other
vertices have label 1. Note that ¢’ is obtained from ¢ simply by deleting the vertices of F' that
are not vertices of H.

We extend &’ by adding the remaining vertices of G. The remaining vertices of G are the
vertices that are not of H, which are the vertices in B;. It is not difficult to verify that §’ can
be extended by adding the vertices analogous to the construction of Lemma 4.2 but in reverse
order and neglecting the vertices from the two last columns k and k+ 1. This can be done using
k + 1 labels and keeping label 1 as an inactive label (see Figure 9). We can conclude that G has
a linear (k + 1)-expression, and lewd(G) < k + 1 follows.

We prove the third statement of the proposition. Let B = (b;;)1<j<s,1<i<r;, be a k-model
with small separators for G. We choose a column to split B into two parts. If r; > k for every
1 < j < s then let ¢ be smallest possible with 1 < ¢ < s such that r, < k. Otherwise, let ¢
be smallest possible with 1 < ¢ < s such that r, < k. Recall from the definition of k-models
with small separators that g does exist, especially since B has at least three rectangles. Let
C =def (bi,j>1§j§q,1§i§rj and D —def <bi,j>q<j§s,1§i§7'j' We can say that we Split B at column q
into a left side and a right side, i.e., into C and D. Let F and H be the induced subgraphs of
G represented by respectively C and D. It is important to note that D is an open k-model with
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Figure 10: The six situations show the central idea of how to combine two graphs, as it is
done for k-models with small separators in the proof of the third statement of Proposition 4.7.
The numbers represent the labels of the vertices, and the line segments indicate the “closest”
neighbours.

small separators. Thus, H—bj q41 has a (k + 1)-expression ¢ that satisfies the second or third
statement of Lemma 4.6, depending on the size and depth of the first rectangle of D. It is also
important to note that F' is an induced subgraph of a graph with an open k-model: since k > 3
and r; > k for every 1 < j < g, the rectangle partition of C has at most one deep rectangle
of size more than k — 2, and this is the first rectangle, and it is of size k — 1. Let k' =qef 74
Recall that (b1 g,...,bw 4) is the last column of C, and column ¢ of B, and k" > 2. Analogous
to the above construction for short-end k-models in the proof of the second statement of the
proposition, F' has a (k+1)-expression (8 such that in val(8): bag, ..., by 4 have label respectively
k+1,...,k— k' + 3 and the other vertices have label 1.

Observe that no vertex of val(3) or val(d) has label 2. Using the available label 2, we assign
new labels to the vertices of val(f) and val(d). Let a =qef L%J and a’ =gef [#] Clearly,
k' =a+da +1. Then, F and H—bj 441 have (k+ 1)-expressions respectively 5" and ¢’ such that

e in val(f):
ba,g - - -, iy ¢ have label respectively 2,..., k" and the other vertices have label 1

e in val(d'):
b2.g+1 - - -, Dat+1,4+1 have label respectively &' +1,..., k" +a, if a > 1, and
ba+2,g+1, - - -, Dkr—1,4+1 have label respectively a’ +1,...,3, and

bk g1 - -+ brgyq,g+1 have label 2, and the other vertices have label 1.

Note here that (' — 1) — (a+2)+ 1 =k —a—2 = da’ — 1, so that the labels of the vertices
of val(¢’) are well-defined. Also note that &' +a < (k' — 1) + L#J +1 < k+1 due to the
definition of k-models with small separators. The obtained labellings for small values of k' are
illustrated in Figure 10.

We show that 8’ @ ¢’ can be extended into a (k+ 1)-expression for G. It is important to note
that [val(8'@d")] is equal to F'&(H—bj 441), and so, it remains to add the missing edges between
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vertices of ' and H—by 441, and the last vertex by 441. It is important to observe that the missing
edges are exactly between vertices from {ba g, ..., b o} and {b2g+1,...,bk—1,4+1}, and between
b1,4+1 and the vertices from {bag,..., 0 ¢} U{b2,g11,- -+, Ok —1,g+1y U{brr g1, -+ brppy qr1}- We
consider the missing edges of the former type. For 2 < i < k/, let d; be the label of b; 441 in
val(¢'). Our final expression for G—by 41 is:

O =def My, (3,...'y (M {4, 4} (- Ty, g} (B @ ) ---)).

We show that « is a (k + 1)-expression for G—by 441. We first show that the operations are
valid, which means that we need to show that d; &€ {i+1,... K} for2<i<k —1. Ifi<a+1
then d; > k' + 1, and if 4 > a + 2 then d; < 4, since: d; =k —i+2and a < a <a+1 and
F=(a+1)+d <(i—1)+ (a+1) < 2i—2. So, it remains to show that the added edges are
the correct edges. Since {baq, ..., b ¢} and {ba g41,..., b1 4+1} are cliques of F'+ (H—by g11)
and of G—b1 441, it suffices to consider the added edges between vertices of F' and of H—by 441.
We consider ¢ with 2 < 4 < k’ and Nd; {i+1,..k}- 1L 4 < a+1 then b; 441 is the unique vertex
of label d; in val(f’ @ ¢’), and the added edges are exactly the missing edges for b; g41. If
a+2<i<k —1then{i+1,...,k'} C{a+3,...,k}, and since no vertex in val(¢’) has a label
from {a+ 3,...,k'}, which particularly follows from a’ +1 < a + 3, each added edge is incident
to a vertex of F', and thus, the (newly) added edges are exactly the missing edges for b; 4+1. We
conclude that « is indeed a (k + 1)-expression for G—b; ;.
For the final desired expression for G, it remains to add by g41. =

Corollary 4.8. Let k be an integer with k > 3. Let G be a proper interval graph.

1) If G is an induced subgraph of a graph with an open k-model or with a short-end k-model
then lewd(G) < k + 1.

2) If G is an induced subgraph of a graph with a k-model with small separators then cwd(G) <
k+1.

5 First clique-width lower-bound result

Let k be an integer with k£ > 3, and let n =ger (K—1)(k+1)+2. Observe that (k—1)(k+1)+2 =
k2 +1. Let Ay = (v1,...,v,) be a sequence of n pairwise different vertices. The k-path power on
n vertices and with the k-path layout Ay is denoted as Ri. The graph Sk is obtained from Ry by
adding the four new vertices wy, wg, w3, wy such that Ng, (w1) = {wa} and Ng, (w2) = {w1,v1}
and Ng, (w3) = {vp,ws} and Ng, (ws) = {ws}. An example, of Sy, is depicted in Figure 11.
We analyse the supergroup trees for Sy and identify the (k + 1)-supergroup trees for Sk. As a
consequence, we will conclude that the linear clique-width of S; is at least k 4+ 2. We will also
consider further graphs, that are obtained from Sy by adding a single vertex, and show that
their clique-width is at least k + 2.

Most of our results will focus on the vertices of Ry, and it will be convenient to identify
the vertices of Ry by their names in a bubble model. Let (bi,j>1gj§k,1gigrj be a full bubble
model for Ry where by = vi and by = v,—1 and by, = v,. As an example for such a bubble
model, consider the left-side bubble model of Figure 2, that is a full bubble model for R4. For
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Figure 11: The graphs considered in Section 5 are obtained from k-path powers on k% +1 vertices
by attaching two paths of length 1. The figure shows the obtained graph for the case of k = 4.
The induced subgraph in the shaded area is Ry.

1<j<k—1,let Kj =ger {b1,-.,bkt1,;} and Ky =qer {b1k, b21}; these are the vertices in the
columns of the bubble model. Throughout this section, we fix these and the above definitions.
It will be important to observe that the reverse of Aj is also a k-path layout for Rj. This fact
is often referred to by arguing on the “automorphic copy” of Ry or about “automorphically
equivalent” cases.

The approach to determining lower clique-width bounds is by counting maximal groups
and determining the size of supergroup partitions. We begin our analysis by showing a useful
property about the structure of supergroups of subgraphs of Sy. This result slightly extends
a similar result for path powers from [14]. Let X, Y C V(S;). We say that Y is full in X if
Y C X, and we say that Y is empty in X if Y N X = (. We say that X has a full maximal
clique of Ry, if there is a maximal clique of Ry that is full in X, and we say that X has an empty
mazimal clique of Ry if there is a maximal clique of Ry that is empty in X. Recall that the
maximal cliques of Ry are sets of k + 1 vertices that appear consecutively in Ay.

Lemma 5.1 ([14]). Let (B,C) be a partial partition of V(Sk) such that neither B nor C has a
full mazimal clique of Ry. Let A be a supergroup of Sk[B] & Si[C] containing a vertex of Ry.
Then, AC B or ACC, and A is a clique of Ry.

Proof. We repeat and extend the corresponding proof from [14]. Let H =g¢f Si[B] @ Sk[C].
Suppose for a contradiction that A contains two vertices v, and vy of Ry, where 1 <p < ¢ <mn,
that are non-adjacent in H. Due to the supergroup condition of Definition 2.2, v, and v, are
non-adjacent also in S, and thus, g —p > k. If 1 < p < k+1 < n—-—k < g < n then
{vi,...,v+1} € B or {v1,...,vp41} € C and {v,—p,...,vn} C B or {vy—k,...,vn} € C, and
B or C contains a full maximal clique of Ry. It is important to observe for this argument that
v+1 cannot be adjacent to v, and v,_; cannot be adjacent to v, in Si, which is the case, since
(n—k)—p>n—k)—k>kandg—(k+1)>n—k+1)—(k+1) >k If k+1 <p then
{Vp—ts .- vp} € B or {vp_p,...,vp} € C, and analogously for ¢ < n — k. So, ANV (Ry) must
be a clique of H, in particular, ANV (Ry) C B or ANV (Rg) C C, and it remains to consider
AN A{w, wa, w3, wa}.

Suppose that H has a supergroup {y, z} with y € V(Ry) and z € {w1, we, w3, ws}. Assume
that y € B. Since every vertex in Ng, (y) \ (BU{v1,v,}) s-distinguishes y and z in H, it follows
that Ng, (y)\{v1,v,} C B, and B has a full maximal clique of Ry, a contradiction. Analogously
foryeC. =
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The structural supergroup result of Lemma 5.1 is the starting point of our analysis. We aim
at considering partial partitions without full maximal cliques of Ry, so that we precisely know
the structure of the supergroups. This motivates the next definitions.

Let F' be a k-path power on at least k + 1 vertices, and let G be a graph that contains F
as an induced subgraph. Let T be a supergroup tree for G. Let a be an inner node of T with
b and ¢ its children in T. We call a a mazimal F-clique split node of T if ¥p(a) has a full
maximal clique of F' and neither Y7 (b) nor ¥7(c) has a full maximal clique of F'. We can say
that every maximal clique of F' in ¥p(a) is split at a, since each maximal clique of F' that is full
in ¥7(a) has a vertex in X7(b) and has a vertex in X7(c). The maximal Rj-clique split nodes
of supergroup trees for Si describe the situations that we are going to study.

We describe the central properties for maximal clique split nodes. Let T be a supergroup
tree for Si. Let a be a maximal Ry-clique split node of T" with b and c its children in T". Observe
that (X7(b), X7 (c)) is a partial partition of V(Sy) that satisfies the assumptions of Lemma 5.1.
Let H =qef Sk[X7(b)] ® Sk[E7(c)]. Let A be a supergroup of H, and assume that A contains a
vertex of Ri. Lemma 5.1 shows the following: A contains only vertices of Ry, i.e., A C V(Ry),
and A contains no vertex from {wi, wa, w3, w4}, and A C Xp(b) or A C Xp(c), and A is a clique
of Rj. According to the second and third statement of Lemma 2.3, it follows that A is a group
of Sg[X7(b)] or of Sk[Xr(c)] and of H. So, for analysing 7', which mainly means that we need
to determine lower bounds on the size of supergroup partitions, we can focus on the maximal
groups of H. Recall here that the maximal groups of H define a unique partition of X7 (a).

The main result of this beginning provides a first specification of the situations to study.
The following two results about supergroup trees and maximal groups of path powers are useful
and give already a strong restriction on the cases to consider.

Lemma 5.2 ([14]). Let G be a k-path power on at least 3k + 1 vertices. Let T be a t-supergroup
tree for G with t > 1. Assume that T has a mazimal G-cliqgue split node a with b and c its
children in T such that X7 (b) and X1 (c) have empty maximal cliques of G. Then, t > k + 2.

Lemma 5.3 ([14]). Let B C V(Ry) be such that B has no full and no empty mazximal clique of
Rk. For1 S j S k — 1, let L]‘ —def Kj \ {b17]’,b27j} and Mj =def Kj \ {blvj}'

1) If Ri[B] has at most k — 1 mazimal groups then B C Ly U---U Ly_1 and
(BNLy),...,(BNLk_1) are the maximal groups of Ry[B].

2) If Ri|B]—vy has at most k — 1 mazimal groups then B C My U---U Mp_q1 U {v,}.
3) If B has a full clique of size k of Ry, then Ry[B] has at least k mazimal groups.

Corollary 5.4. Let T be a t-supergroup tree for S with t > 1. Then, t > k+ 2, or T has a
mazimal Ry-clique split node a with b and ¢ its children in T such that ¥7(a) C V(Ry) and
Y7(b) has no empty mazximal clique of Ry and one of the following cases applies:

1) Sp[X7(b)] has exactly k maximal groups and |Xp(c)| =1

2) r(b) € USZi K\ {brj, b2}, and
‘ET(Q) N {bl,ly ce bl,k}’ =1 and ‘ET(Q) N {bg,l, ... 7b2,k}‘ =1.
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Proof. Let T’ be the V(Ry)-reduced supergroup tree of 7. Due to Lemma 2.10, 7" is a
t-supergroup tree for Ry.

By descending from the root node of 7', it is not difficult to verify that 7" has indeed a
maximal Rj-clique split node a. Let b and ¢ be the children of a in T let B =g¢t X7 (b) and
C =get X7(c), and let B’ =4 BNV (Ry) and C' =qef C NV (Rg). It is clear that B’ and
C' are non-empty, since B’ and C’ contain vertices from a maximal clique of Rj. Then, there
are nodes o/, V', ¢ of 7" with b’ and ¢ the children of ¢ in 7" such that X7/ (V') = B’ and
Y () = C'. Observe that @’ is a maximal Rg-clique split node of T”. If B" and C’ have empty
maximal cliques of Rj then Lemma 5.2 is applicable to 7", and we conclude ¢t > k + 2. As the
other case, B’ or ¢ has no empty maximal clique of Ry, and we assume that ¢ < k + 1.

Without loss of generality, we assume that B’ has no empty maximal clique of Rj. This
particularly implies that B has no empty maximal clique of R;. We distinguish between three
cases about the number of maximal groups of Sk[B]. Let H =gef Si[B] ® Sk[C]. Due to
Lemma 5.1, no supergroup of H with a vertex from B’ contains a vertex from C, and no
supergroup of H with a vertex from C’ contains a vertex from B.

As the first case, assume that Si[B] has at least £ + 1 maximal groups: every supergroup
partition for H has at least k + 1 supergroups with vertices from B and at least one further
supergroup with vertices from C’, and thus, every supergroup partition for H has size at least
k + 2, which contradicts our assumptions about ¢.

As the second case, assume that Si[B] has exactly k maximal groups with vertices from B’:
every supergroup partition for H has at least k+ 1 supergroups with vertices from B’UC’. Since
H has a supergroup partition of size at most k+1, we can apply Lemma 5.1, and (BUC) C V(Ry)
must hold. Furthermore, every supergroup partition for H has at most one supergroup with
vertices from C, which means that C' is the unique maximal group of Sk[C]. Due to Lemma 5.1,
C is a clique of Ry, so that C' C {vy,...,vp4k} for some suitable p. If p > k + 1 then there
is a vertex from {vp_g,...,vp—1} that is not in C' and s-distinguishes two vertices from C, and
if p < k then p+k < 2k < n — k, and there is a vertex from {vpigi1,...,Vpror} that s-
distinguishes two vertices from C, both cases yielding a contradicting to C' being a supergroup
of H by application of Lemma 2.5. Thus, |C| = 1, and the first case of the corollary applies.

As the third case, assume that Si[B] has at most £ — 1 maximal groups with vertices from
B’. Then, Rj[B’] has at most k — 1 maximal groups due to Corollary 2.9, and we can apply the
first statement of Lemma 5.3: B’ C (K U---UKj_1) \ {b1,1,b21,...,b1 k—1,b2 -1} and Ry[B’]
has exactly k— 1 maximal groups and every clique of Ry[B’] has size at most k— 1. Since B'UC’
contains a maximal clique of Ry, it directly follows that C’ contains at least two vertices, in
particular, |C' N {bi1,...,bix}| > 1 and |[CN{ba1,..., by} > 1.

Analogous to the preceding second case, if Ri[C'] has exactly one maximal group, i.e., if
(" is a group of R;[C'], then |C’| = 1, which is a contradiction. Thus, R;[C’] has at least two
maximal groups, and it follows that S;[C] has at least two maximal groups with vertices of Ry.
So, every supergroup partition for H has at least k4 1 supergroups with vertices of Ry, and our
assumptions about ¢t < k+ 1 and Lemma 5.1 show that Si[C] has exactly two supergroups with
vertices of Ry and BUC C V(Ry).

Suppose for a contradiction that [C' N {bi1,...,b1k}] > 2 or |CN{ba1,...,b2x} > 2. So,
|C| > 3, and there are 1 < p, ¢ < k such that {by ;, b2 4} is a supergroup of H. Due to Lemma 5.1,
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{b1,p, b2 ¢} is a clique of Sk, so that p—1 < g < p. If ¢ = p—1 then b 1 and by , may s-distinguish
Ul,p and bz,q = b27p71, so that {bl’pfl, bz’pfl, bl’p, b2’p} Q C, and {bljpfl}, {bQ’pfl, bl,p}, {bgp} are
contained in pairwise different maximal groups of Si[C], which yields a contradiction. If ¢ = p
then either p = 1 and ws s-distinguishes b1, = b11 = vy and by, = ba1 = v2 or p = k and
w3 s-distinguishes by, = v,—1 and by = v, or 2 < p < k—1and byp_1 € C and by p41 € C
and {b1,b2,},{b2p—1},{b1p+1} are contained in pairwise different maximal groups of Si[C],
yielding contradictions in each case. We conclude that the second case of the corollary applies.

The two cases of Corollary 5.4 are results of different kinds. The second case provides a
strong description of the structure of ¥7(a) and the partial partition of V' (Sy) related to the
maximal Rj-clique split node a. Such a precise description of a situation can be used to prove
lower-bound results. The first case is less descriptive, since it eludes immediate consequences
about X7 (b). The next subsection will deal with this case. As a particular result, we will prove
a structural result about X7 (b) and we will identify the vertex from X (c).

Before we continue in the next subsection, we end this preliminary part by giving an example
of the challenges and combinatorial complexity to deal with when proving lower clique-width
bounds. We consider the particular case of Rs and analyse supergroup trees for R3 that have
nodes of special properties.

Lemma 5.5. Let T be a t-supergroup tree for Rg with t > 1. Let a be an inner node of T with
b and c its children in T.

Assume that Xp(a) C {ve,vs,v4, v5,v6, 07,08} and Lp(b) has a full and no empty mazimal
clique of R3. Then, vs € ¥r(b) and t > 5.

Proof. We consider X7(b). Since ¥ (b) has a full maximal clique of R3 and X7(b) C X7(a) C
{vo,vs,...,vg}, there is a largest index d with 5 < d < 8 such that {vg_3,...,v4} is a full
maximal clique of R3 in ¥7(b). Note that this particularly means vs € X (b). By the choice of
d as being largest possible, vg11 € X7 (b) directly follows.

We consider five cases about X7 (b), that we depict in Figure 12, by using the bubble model
representation for R3. The three left-side cases correspond to the values of d with d =5, d =6
and d = 7, and the two right-side cases correspond to d = 8 and whether vy is a vertex in X7 (b).
In each of the five cases, the maximal groups of R3[¥7(b)] are identified and indicated by the
rectangles. It turns out that R3[¥X7(b)] has five maximal groups in the second and forth case,
so that every supergroup partition for R3[>7(b)] @ R3[Xr(c)] has size at least 5, and thus, ¢ > 5
in these two cases.

We consider the other three cases. In each of these cases, R3[>X7(b)] has four maximal groups.
Note about the first case that vy or vg is a vertex in Y (b), since otherwise, Y7 (b) would have
an empty maximal clique of R3. Let H =q¢f R3[2X7(b)] ® R3[X7(c)]. We analyse the sizes of the
supergroup partition for H in the three remaining cases. We suppose for a contradiction that
t < 4 holds, so that H must have a supergroup partition of size at most 4. Recall that R3[Xr(b)]
has four maximal groups, so that H must have a supergroup for each vertex from ¥r(c) that
contains also a vertex from Xp(b). We distinguish between two cases about the vertices from
Yr(c). Let 2,y be a vertex pair with 2 € Xp(c) and y € Xp(b) such that {x,y} is a supergroup
of H.
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Figure 12: Depicted are the five situations, in a bubble model for R3, about R3[B] such that
vs € B and vy,v9,v19 € B and B has a full and no empty maximal clique of Rs. Recall that
vy = by1 and vs = b1 and vip = ba3. The grey vertices may or may not be contained in
B. The rectangles indicate the maximal groups in each case. These situations are analysed in
Lemma 5.5.

e Assume z € {vg,v3}.
Since v1 & Yr(a), y € {va,v3,v4}, and x and y are adjacent in Rg3, a contradiction.

e Assume x € {vg,v7,v8}.
Since vg € Xr(a), y € {vs, v7,v8}, and x and y are adjacent in Rs, a contradiction.

We conclude that H has no supergroup partition of size at most 4, and ¢ > 5 follows. =

We briefly interpret the result of Lemma 5.5. Since ¥7(b) has a full maximal clique of R, a
is not a maximal Rs-clique split node of T'. So, if T' is a 4-supergroup tree for R3 and T has an
inner node a with Xr(a) C {ve, v3, v4, v5,v6,v7,v8} and X7 (a) has a full and no empty maximal
clique of R3 then a must be a maximal Rs-clique split node of T. As a final remark, observe
that this latter 4-supergroup tree T for R3 and a can only satisfy the first case of Corollary 5.4.

5.1 Structure and properties of maximal groups

We consider induced subgraphs of Rj. To be more precise, we consider sets B with B C V(Ry)
and the induced subgraph Ry[B] and study the maximal groups of Ry[B] with respect to Rj.
The main contribution of this subsection will be a precise description of the maximal groups. As
a consequence, we will be able to identify the vertex from X7 (c) in the first case of Corollary 5.4.

We begin with an auxiliary result. Let B, X C V(Ry), and assume that X is non-empty. If
BN X is non-empty then the top vertex of X in B is the vertex x from BN X with x = v, for
an appropriate index p with 1 < p < n such that (BN X) C {vp,...,v,}. We can say that the
top vertex of X in B is the vertex from B N X with smallest index with respect to Ag. If BN X
is empty then X has no top vertex in B. Top vertices can be used to prove lower bounds on the
number of maximal groups and to determine the structure of maximal groups. The auxiliary
result about top vertices is an extention of an analogous result from [14], and we repeat and
exend the proof from [14] for the sake of completeness.

Lemma 5.6 ([14]). Let B C V(Ry) be such that B has no full mazimal clique of Ry. The top
vertices of K1,..., Ky in B appear in pairwise different mazimal groups of Ry[B].

Proof. We apply Lemmas 2.5 and 2.3. Let 1 < i < j < k — 1, assume that B N K; and
BN K; are non-empty, and we consider the top vertices of K; and K; in B. If by ; ¢ B then by ;
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s-distinguishes the top vertices of K; and Kj;. If by; € B then by; is the top vertex of K;, and
then, each vertex from K \ B s-distinguishes b1 ; and the top vertex of K;. Recall that B has
no full maximal clique of Ry, so that K; Z B.

We consider K. Let 1 <1 < k — 1, and assume that B N K; and B N K} are non-empty.
If i < k — 2 then each vertex from K; \ B s-distinguishes the top vertices of K; and Kj. If
i=~Fk—1and by y—1 & B then by ;1 s-distinguishes the top vertices of Kj_; and Kj. Finally,
if i = k—1and b1 € B and by ,—1 and a vertex from Kj N B form a group of Ry[B] and
{b2j—2,...,bpr16—1} € B then B has a full maximal clique of Ry, a contradiction, so that
{bak—2,...,bk41k—2} \ B is non-emtpy and contains a vertex that s-distinguishes b; 1 and the
vertex from K; N B. =

Our second result helps to describe the maximal groups of special induced subgraphs of Rj.
Let (di,...,d,) be an index sequence with 1 < d; < --- < d, < n such that the following three
conditions are satisfied: (1) d; < k,and (2) n—k+1<d,,and 3) di+k <diy1 < di+k+1
for every 1 < i < r. We call (d1,...,d,) a long step index sequence. Observe that r < k + 1,
and if r = k + 1 then d;11 = d; + k for every 1 < i < r. We call (dy,...,d,) a forward long step
index sequence if di = 1, and we call (dy,...,d,) a backward long step index sequence if d, =n
For B C V(Ry), an index sequence (di,...,d,) is B-empty if BN {vg,,...,vq.} = 0. We are
interested in empty forward and backward long step index sequences.

Lemma 5.7. Let B C V(Ry). Let (dy,...,d,) be a B-empty forward long step index sequence.
For every 1 <i <, let A; =qet BN{v; :d; <j <dit1} and let A, =qe BN {vg,,...,0n}.

1) Every group of Ri[B] is a subset of one of Ay, ..., A,.

2) Assume that d. =n—1. Let 1 <1 <r. Assume thatl <r —2 or A, = .
Every group of Rp[B U {vg,}] is a subset of one of Ai,..., A, {vg,}.

3) Assume that d, =n. Let 1 <[ <r.
If 1 <l < r then every group of Ri[B U {vg,}] is a subset of one of A1,..., Ar_1,{vg,}.
If 1 =1 then every group of Rx[B U {v1}] is a subset of one of A1 U{v1},As,..., Ar_1.
If I = r then every group of Ri[B U {v,}| is a subset of one of Ay,..., Ar_2, Ar_1 U{v,}.

Proof. We prove the first statement. Observe that Aq,..., A, are pairwise disjoint. Recall
that Npg, (v1) = {v2,...,vk41}. Since k +1 < dy < k + 2, it follows that B N Ng,(v1) = A;.
Analogously, B N Ng, (vg,) = Aij—1 U A; for every 1 < ¢ < r. Since {vg,,...,vq,} is empty in
B, every group of Ry[B] is a subset of B N Ng, (v4,) or B \ Ng, (vg;) for every 1 <1i <r. The
overlap structure of (B N Ng, (v4,)), (BN Ng, (vay)),---, (BN Ng,(vg,)) shows the result of the
first statement.

For the proof of the second and third statement, we first consider the groups of Ry[BU{vg, }|
that do not contain vg,. Let u,v be a vertex pair from B, and assume that w is a vertex that
s-distinguishes v and v in Ri[B]. If w # vg, then w s-distinguishes u and v also in Ry[BU{vg, }|.
So, let w = vg,, and we may assume u € Np, (vq4,) and v € Ng, (vq,). Let p and ¢ be such that
u€c A,andv € A;. Notethat ] =1 <p <landthatl1 <g<Il—-2o0orl+1<qg<7r. We
distinguish between three cases.
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e g<[—2
Then, g < p, and vy, is adjacent to v and non-adjacent to u in Ry, and
vq, s-distinguishes v and v in Ry[B U {vg, }|.

e p<qg—1<yq
Then, Ng, (vq,) N B = A;1U Ay, and v € Ng, (vq,) and u ¢ Ng, (vq,), and
vq, also s-distinguishes u and v in Ri[B U {vg,}].

e /+1<qgand g<p+1, whichmeansp=1[and ¢g=1+1
If ¢ <r then vg,,, s-distinguishes u and v in Ri[B U {vg, }].
Ifg=rthenp=I=r—1,andu € A,_1 and v € A, must hold. In particular, A, # (). This
contradicts d,, = n of the third statement and the assumptions of the second statement,
so that ¢ = r is in fact not possible.

It follows that every group of Ry[B U {v4,}] that does not contain vy, is a group of Ry[B], and
we conclude according to the first statement.

Let D be the maximal group of Ri[B U {vg}] containing vg,. For the second statement,
observe that d, = n — 1 implies d;11 = d; + k + 1 for every 1 < ¢ < r. It follows that vg,
is the only vertex of R;[B U {vg,}] without a non-visible neighbour from {vg,,...,vq,} \ {va,}
in Riy[B U {vg,}], so that D = {uvg,}. For the third statement, observe that d, = n implies
div1 = di + k for every 1 < i < r. If 1 <1 < r then {vg} = Ng,(vq_,) N Ng,(v4,,),
and D = {vg,}. If | = 1 then vy, = vg41 is the unique non-visible neighbour of vy, from
{vdy,--.,va,}, and D C A U{v1}, and if =7 then D C A, U {v,}. =

We will use empty long step index sequences to identify the maximal groups of induced
subgraphs of R by applying Lemma 5.7. It remains to prove that such index sequences actually
exist. And we even want to apply the second and third statement of Lemma 5.7, so that we
need to prove the existence of “nice” empty long step index sequences. We do this by the two
next results, that are strong results about the structure of maximal groups of special induced
subgraphs of Rj.

Lemma 5.8. Let B C V(Ry) be such that B has no full and no empty mazimal clique of Ry
and vi, vy, € B. If Ri[B] has at most k mazimal groups then there is a B-empty backward long
step index sequence or BN{b1; :1<j <k} =10.

Proof. For 1 < j <k, let Aj =qer {b1j,b2}. If BN (AU ---UAg) =0 then the claim of the
lemma directly follows. Recall here that v; € B by the assumptions of the lemma, and by 1 = vy.
Otherwise, there is a largest index ¢ with 2 < ¢ < k such that BN A; # 0.

Let @ be the set of the top vertices of Ki,..., Ki in B. Since B has no empty maximal
clique of R, (BN Ky),...,(B N Kj_1) are non-empty, and thus, k — 1 < |®| < k, depending
on whether (B N K}) is empty or not. Due to Lemma 5.6, the vertices in ® appear in pairwise
different maximal groups of Ri[B]. If |®| = k then each maximal group of Ry[B] contains a
vertex from @, and if |®| = k£ — 1 then there is at most one maximal group of Ry[B] without a
vertex from ®. We will use the vertices from ® to identify the maximal groups of Ry[B].

We are going to prove the lemma by induction. First, we prove two claims, for the induction
base.

36



Claim 1. One of the three cases applies:
1) Bm{bl,l,---;bl,k} =0

2) t =k, and there are cp_1,cx with ¢, =2 and 2 < cx_1 < 3 such that
Bn {bckq,k—l’ bczmk} =10

3) t < k, and there are ¢, ...,cp with ¢t = -+ = ¢, = 2 such that BN {be,t,..., bk} =0
and (BN K;) \ Ay is the unique mazimal group of Ry[B] without a vertezx from ®.

Proof of claim. We distinguish between two cases. For the first case, we assume that by ;, € B.
Note that this means t = k, and observe that |®| = k. So, every maximal group of Rj[B]
contains a vertex from ®. Suppose for a contradiction that {byr_1,b3%—1} C B. Note that by
s-distinguishes by ;1 and b3 ;1. Let A be the maximal group of Ry[B] containing b3 1. Since
by is a non-visible neighbour of b3 ;1 in Ry[B], it directly follows that A C Ng, (bax). Since A
must contain a vertex from ®, this vertex can only be by ;. Therefore, {b3—1,b1 1} is a group
of Ry[B]. Thus, {bsx—2,.-.,bk+1k—2,b1%-1,b2k—1} C B, so that B has a full maximal clique of
Ry, a contradiction. Thus, ¢;_1 and ¢ exist so that the second case applies.

Now, we assume that by ; ¢ B. Note that this means BN Ay = (), and so, t < k. Recall that
|®| = k—1. Also note that BN(As41U---UA) = 0 implies that BN K for every t < j < k is the
union of maximal groups of Ri[B]. If BN{bs4,...,bpr1+} = 0 then {bs, ..., bk+1.4, 01441, 02441}
is an empty maximal clique of R in B, which does not exist by our assumptions. Thus,
(BN K)\ Ay # 0. According to the choice of t, BN A; # 0, and thus, the top vertex of Ky in B
is from A;. And since bys11 € B, it follows that (B N K;) \ A; is the union of maximal groups
of Ry[B], and none of these maximal groups contains a vertex from ®, so that (B N K;) \ A
must in fact be the unique maximal group of Ry [B] without a vertex from ®. It directly follows
that (B N K¢41),...,(B N K1) are maximal groups of Ry[B]. If by; ¢ B then we choose
Ct =def " * =def Ck =def 2, and the third case applies.

As the other case, we assume that by; € B. If b1y € B then by is the top vertex of K; in
B, and since BN Ay = 0, {b2+} would be a maximal group of Ry[B] without a vertex from @,
a contradiction. Thus, b1+ ¢ B, and {ba;} is a maximal group of Ry[B]. If t = 2 then we can
conclude that the first case of the claim applies. Otherwise, ¢t > 3. Let A be a maximal group of
Ry [B] containing a vertex from {ba¢_1,...,bk+1,—1}. Recall that BN {bas—1,...,bkr14-1} =0
would mean that {ba¢—1,...,bk414-1,b1,} is an empty maximal clique of Ry in B. Observe
that by; is a non-visible neighbour of some vertex in A, so in fact of all vertices in A, so
that A C Ng, (b1,+), and therefore, A C BN {bas—1,...,bpr14-1}. Also recall that A must
contain a vertex from @, which will be the top vertex of K;_; in B, and this means by ;1 ¢ B.
So, A = BN K;_1. We can repeatedly apply this argument and see that b;; ¢ B implies
bi1,...,b1t & B, so that the first case of the claim applies. ©

Claim 1 proves our induction base. If the first case of the claim applies then we can already
conclude the lemma. So, we assume that the first case does not apply, and therefore, the second
or third case of the claim applies. For the induction step, we assume that at least two indices
of a suitable index sequence have already been determined, and we show that the next index in
the sequence can be found.
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Claim 2. Let j be with2 < j<k—1andj<t.
Let c and ¢ be with2 < <c <k and c—1 < . Assume that j = t implies ¢ = 2. Also
assume that be j, b j11 € B. Then, {bcj—1,bct1,j-1} € B.

Proof of claim. Suppose for a contradiction that {bj—1,bct1,j—1} € B. Let A be the maximal
group of Ry[B] containing be41 j—1. If |®| = k then A contains a vertex from ®, and if || = k—1
then A also contains a vertex from @, since A # (BNK;)\A;. Since b, ; is a non-visible neighbour
of bey1,j—1 in Ry [B], it follows that A C Npg, (b,;). Thus, A contains the top vertex of K; in B.
If by j—1 ¢ B then by ;_; s-distinguishes b.41 -1 and the top vertex of Kj, a contradiction, so
that by ;_1 € B must hold. Since b1 ; = v1 and v1 € B, this implies j —1 > 2 and k > 4, so that
Claim 2 is already proved for the case of k& = 3. Note that by j_1 is the top vertex of K;_; in B.

If bo—1,; & B then b._1,b.; ¢ B and {b.j—1} is a maximal group of Rj[B], that contains
no vertex from ®, which is not possible, so that b.—;; € B must hold. Let A’ be the maximal
group of Ry[B] containing b.—1 ;. Note that A" # (B N K;) \ A¢, which is obvious for j < ¢, and
if j = ¢ then ¢ — 1 < 2 and therefore b.—1; € A¢. Thus, A’ contains a vertex from ®.

Observe that A" C Npg, (b;), and since be.—1 j and by j+1 are non-adjacent in Ry, A’ cannot
contain neighbours of be 11, and thus, A’ C K;_; U K. Furthermore, by j_; is the top vertex
of K;_1 in B, and we conclude that A’ contains the top vertex of K; in B, and since also A
contains the top vertex of K; in B, we obtain A = A’. In particular, {be41j—1,bc—1,;} is a group
of Ry[B], and since j > 3,

{ber2,j-2,- s bryrj—2} U{brj—1,... be—1j-1} U{bej-1,ber1j-1} € B,
and B has a full maximal clique of R, a contradiction. o

So, by repeatedly applying Claim 2 to already defined ci_1, ¢k or ¢, ..., ¢ from Claim 1, we
conclude that there are ¢y, ...,c; with 2 < ¢, <--- <¢; < k+1such that BN{b¢, 1,...,be, £} =
(). Tt remains to observe that there is a backward long step index sequence (di,...,d;) or
(do,dq,...,d) with vg, = b, ; for every 1 <i<kanddy=1. =

Corollary 5.9. Let B C V(Ry) be such that B has no full and no empty maximal clique of Ry
and B has a full clique of size k of Ry, and vi,v, € B and Ri[B] has at most k mazimal groups.
Then, one of the following three cases applies:

I)Bﬁ{bLj:lSjSk}:@
2) BN{by;:1<j<k}=0
3)Bﬁ{vlk+1oglgk}:@

Proof. For 0 < i < k, let ¢; =gt ik + 1. If {cg,...,cr) is a B-empty forward long step index
sequence then the third case applies. For a contradiction, we suppose that none of the three cases
applies. This particularly means for (cy,...,ck) that there are a smallest and largest index p
and ¢ so that v., € B and v, € B, and clearly, 0 < p < ¢ < k. We will obtain the contradiction
by showing that B cannot have a full clique of size k of Ry under these assumptions.

We apply Lemma 5.8 to Ri[B] and the automorphic copy of Ri[B]: since the first and second
case of the corollary do not apply by our assumptions, there are B-empty forward and backward
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Figure 13: The four figures illustrate the result of Corollary 5.9 and the proof of it, when
applied to R3[B]. On the top, we consider B = {wvy,vs,vs,vs,vs,v9}, and (1,4,7,10) is a
B-empty forward long step index sequence. The three below situations consider sets B for
B C {vg,...,v9} where vy € B or v; ¢ B. In these three situations, none of the three cases of
Corollary 5.9 applies, and B does not have a full clique of size 3 of Rj.

long step index sequences (e, ...,ex_1) and (dj,...,dg), respectively. Note that ex_; < n and
di > 1. Also note that ¢; < e; for every 0 < i < k—1 and d; < ¢; for every 1 < i < k. And
since ve, € B and v, € B, it follows that ¢, < e, and d; < ¢4, and therefore ¢; < e; for every
p<i<k-—1andd; <c; for every 1 <i < gq. Thus, d; < e; for every 1 <1i < k — 1. We extend
this inequality to e;—1 < d; < e; < d;41 for every 1 < ¢ < k — 1, by observing for 1 <i < k:

ci-1 < €1 < g+ (i—1) and ¢+i = c¢—(k—i) < di < ¢,

so that indeed ¢e;_1 < d;.

We prove the contradiction. Let M be a maximal clique of Ri. Then, there is an index a
with 1 < a < n — k such that M = {v; : a < i < a+ k}. Recall that the vertices of maximal
cliques of Ry appear consecutively in Ag. Since ey = 1 and dp = n, there is an index s with
0<s<k—2suchthate; <a <ds410rdsr; <a<egqyy. Sinceep_1 >n—k+1,a < ex_1 must
hold. If e < a < dsy1 then, with dgy1 < es41 < es+ (k+ 1), it follows that {v.,,vq, ,} € M or
{Vds1Vesy )} ©€ M, and thus, [M N {vg,, ..., Va4, Ve, -+ Ve, }| = 2. If dsy1 < a < esq1 then
{Vdei1sVegi } © M or {ve,,,,va,,0} © M, and [MN{vg,, ... V4, Vegs-- - Ve, | = 2. It directly
follows with the assumption about B that |[M N B| < k — 1, and thus, B has no full clique of
size k of Ry that is a subset of M. We conclude that B has no full clique of size k of Ry, the
desired contradiction. m

The result of Corollary 5.9 is our major technical tool, that provides a good description of the
maximal groups. To illustrate the deduction of the contradiction in the proof of Corollary 5.9,
consider the four situations of Figure 13 for the smallest case of R3[B]. The top situation
illustrates the case when (1,4,7,10) is a B-empty forward long step index sequence. The three
other cases illustrate the possible situations when (1,4, 7,10) and (1,5,9) and (2,6, 10) are not
B-empty long step index sequences, the situations that are proved to imply the contradiction.
For the three situations, it is easy to check that B does not have a full clique of size 3 of Rj.
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Figure 14: The two figures illustrate the situations in S5 when the bubbles corresponding to the
vertices in respectively ¥ and ¥’ are empty. It is important to note that the two situations are
automorphically equivalent.

5.2 First part of analysis of supergroup trees

We are going to analyse supergroup trees and classify them according to their maximal Rg-
clique split nodes. In this subsection, we consider supergroup trees whose maximal Rj-clique
split nodes are in accordance with the first or second case of Corollary 5.9. We define two sets
of vertices:

U —gef {bl,j 1< < /{?} U {wg}
o’ =def {bQ’j 1 <5< ]{} U {wg} .

We are going to study partial partitions (B, C) of V(Sk) such that BNV =0 or BN =)
and corresponding supergroup trees. For an illustration of the two situations, consider the two
bubble models of Figure 14: the empty bubbles represent the vertices from respectively ¥ and
U/, so that B will be a set of the remaining vertices. Since ¥ and ¥’ are automorphically
equivalent, the cases of BNW¥ = () and BNV = () are automorphically equivalent, and it suffices
to consider only one of the two situations in fact. We will therefore concentrate on ¥. The
main result of this section is a classification of the (k + 1)-supergroup trees for Sy that have a
maximal Ry-clique split node corresponding to W.

We analyse the supergroup trees mainly by determining lower bounds on the size of super-
group partitions. For determining such lower bounds, we will study partial partitions (B, C) of
V(Sk) so that Si[B] has at least £+ 1 maximal groups. Since no supergroup of Si[B] & Si[C]
can contain vertices from different maximal groups of S;[B] due to Lemma 2.3, the size of every
supergroup partition for Si[B] @ Si[C] is at least the number of maximal groups of Si[B]. So,
if Sk[B] has k + 1 maximal groups and Si[B] @ S;[C] has a supergroup partition of size at most
k + 1 then every vertex from C must be in a supergroup with a vertex from B. In our analyses,
we will use this observation to capture and catch the situations. Let y be a vertex from C'. For
z a vertex from B, we call {y, z} a y-cac supergroup of Si[B] @ Si[C] if {y, z} is a supergroup of
Sk[B] ® Sk[C] and z € V(Ry).

Lemma 5.10. Let (B,C) be a partial partition of V(Sk), and assume that B has no empty
mazximal clique of Ry. Let H =q¢ Si[B] @ Si[C]. Let y be a vertex from C NV (Ry). If H has
a y-cac supergroup then y € {v1,...,vp} or y € {Un—f+1,---,Un}-

Proof. Let z be a vertex from B N V(Ry) and assume that {y, z} is a supergroup of H. Let
p,q be the indices with 1 < p,q < n such that y = v, and z = v,. Since y and z must be
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Figure 15: The four bubble models for Sj represent the analysed situations. The analysed
situations rely on properties about S4[B] for B C V(S4), and it is distinguished between by, € B,
which is the case in the left-side figure, and by ¢ B, which is the case in the three right-side
figures. In all figures, an empty bubble for vertex x means x ¢ B, if vertex x is black then
x € B, and if vertex x is grey then z € B or « ¢ B. The rectangles indicate unions of maximal
groups of R4[B NV (Ry)].

non-adjacent in Sk, it holds that |p — ¢| > k + 1. Assume that p < ¢. If k <p <p+ k < ¢ then
each vertex from {v,_g,...,vp—1} may s-distinguish y and z in H, so that {v,_p,...,vp—1} € C
must hold. However, {v,_g,...,vp} is a maximal clique of Ry, so that C' has a full maximal
clique of Ry, and therefore, B has an empty maximal clique of Ry, a contradiction. Thus, p < k,
which means that y € {v1,..., v}

The other case, when ¢ < p, analogously implies y € {v,—g41,...,0n}. =

We will apply Lemma 5.10 to learn about the vertices that are contained in C'. Let (B, C) be a
partial partition of V' (S) that satisfies the assumptions of the lemma. Let H =g4cr Si[B]®Si[C].
We will apply the result only in case that every vertex from C has a cac supergroup in H. Recall
that {’Ul, ... ,Uk} = {b171, ey bk,l} and {Un—k—Ha .. ,Un} = {b4’k_1, ce, b27k}. It follows that C
has this form: C C {b11,...,bk1}U{bsk—1,...,bor}U{wi, w2, ws, ws}. As a direct consequence
for our coming proofs, it suffices to consider only very special vertices to obtain desired results.

We are going to analyse the supergroup trees for Sy that correspond to ¥. We consider partial
partitions of very restricted form and determine the sizes of compatible supergroup partitions.
Before we begin with the formal analysis, we briefly describe the analysed situations with an
example about Sy. Consider the bubble models for S4 in Figure 15. The four figures describe
different sets B, subsets of V(S4), where BN W = (). The left-side figure represents sets B that
contain vertex by . By the result of Lemma 5.7, the groups of S4[B] containing only vertices of
R, respect the columns. The three other figures represent the possible situations when by, is
not a vertex from B. We analyse these situations in Lemma 5.12, for the case when by ), & B,
and Lemma 5.13, for the case when by ;, € B. The main consequence of these results about W
will be given in Corollary 5.14.

We begin with an auxiliary result about by 1-cac supergroups.

Lemma 5.11. Let (B,C) be a partial partition of V(Sk), and assume that B has no empty
mazimal clique of Ry, and [BNYNV(R)| =1 and by € C. Let H =q¢¢ Sk[B] ® Si[C]. Assume
that H has an x-cac supergroup for every vertex x from C. Then, wy € C, and {b11,b12} and
{w1,b12} are the unique by 1-cac and wi-cac supergroups of H.

Proof. Since B has no empty maximal clique of Ry, B N K is non-empty, and the vertices
in B N K are non-visible neighbours of b; ; in H. Let {b1 1,2} be a b; j-cac supergroup of H.
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Then, z € K1 UKy, and since by ; and z must be non-adjacent in Sy, z € K5 follows. If b1 ¢ B
then b; o s-distinguishes b; 1 and z, and H has no by 1-cac supergroup, so that b; 2 € B must
hold. Recall that by 2 € ¥, so that |[BNYNV (Ry)| = 1 by the assumptions of the lemma implies
BNYNV(Rg) = {b12}, and it follows that b; 3 ¢ B, and thus, b; 3 s-distinguishes b;; and the
vertices from {b22,...,bgt12}, so that z = by » must hold. We conclude that {b11,b12} is the
only by 1-cac supergroup of H.

Next, observe that we ¢ C' means that wy s-distinguishes by 1 and by 2 in H, so that wy € C.
If w1 € C then w; s-distinguishes wy and each vertex from B, and H cannot have a ws-cac
supergroup, a contradiction, so that wy € C. Let {w1,2'} be a wy-cac supergroup of H. Since
BNVYNV(Ry) = {b12}, it follows that each vertex from (B \ {b12}) NV (Ry) has a non-visible
neighbour from V(Ry) in H, so that 2’ ¢ (B \ {b12}), and thus, 2’ = b; 2 must hold, and we
conclude that {wy, b1 2} is the only w;-cac supergroup of H. =

Let (B, C) be a partial partition of V(Si), and let H =g¢r Si[B]® Si[C]. Assume that Sy[B]
has at least £ 4+ 1 maximal groups. Then, every supergroup partition for H has size more than
k + 1 or every maximal group of Si[B] is contained in exactly one supergroup of the partition.
In the latter case, we can say that the supergroups in the supergroup partition do not “split”
the maximal groups of Si[B]. We use this observation for the following notion, that we slightly
extend to sets of vertices of H. Let A C BUC. We say that A is a non-splittable supergroup of
H if for every supergroup partition {Ay,..., A} for H of size at most k + 1, thereis 1 < i <r
such that A C A;. Of course, if Si[B] has at least k+ 1 maximal groups and H has a supergroup
partition of size at most k + 1 then Si[B] has exactly k£ 4+ 1 maximal groups and each group of
Sk[B] is a non-splittable supergroup of H. The non-splittable supergroup notion is particularly
interesting for supergroups containing vertices from B and from C.

As the first case, we consider sets that do not contain by ;. We show for a ¢-supergroup tree
for Sy that ¢ > k+ 2 or T has a node satisfying a very special condition, that we call the limit.
Let (B,C) be a partial partition of V(S). We say that (B, C) satisfies the limit condition if
the following is satisfied:

e Ri[BNV(Ry)] has exactly k£ 4+ 1 maximal groups

e BNV = {by y_1} and {bgp,ws,ws} C C, and
if k =3 then B\ {wy,wa2} = {b2,1,b3,1,b4,1,b1,2,b22,b32,b42}

o {br—11,bk4+1,1} and {by x_1,b2} are non-splittable supergroups of S;[B] @ S[C].
We will later see that the limit condition precisely describes the (k+ 1)-supergroup trees for Sk.

Lemma 5.12. Let h be an integer with 1 < h < k —1 and let ® =ger {b2; : h < j < k}. Let
B C V(Sk), and assume that BN (Y U®) = and by, € B and B has no empty mazimal clique
of Ri. Let x € VNV (Ry).

Let T be a t-supergroup tree for S with t > 1. Assume that T has an inner node a with b
and c its children in T such that ¥p(b) = BU {x} and Xp(c) N (¥ U D) # (0. Then, t > k+ 2,
or T is not a supergroup caterpillar tree and (X7(b), X7 (c)) satisfies the limit condition.

Proof. Let B’ =4 BN V(Rg). We determine the maximal groups of Ri[B’ U {z}] and
Sk[BU{z}]. For an illustration, simultaneously consider the three right-side figures of Figure 15.
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Observe that by, € ¥ and by, € ® and therefore by ,bor € B. Let A; =g B N K; for
every 1 < 57 < k—1. Clearly, BB = A; U---U Ag_1. Observe that the second statement
of Lemma 5.7 is applicable to Rix[B’ U {z}], so that A;,..., Ay_1,{z} are unions of maximal
groups of Ry[B'U{x}]. And since by ;41 ¢ (BU{z}), no group of R;[B’'U{z}] contains vertices
from A; N {bl,lu bgﬁ} and A, N {b37h, RN bk+1,h}~ Recall that A, N {bl,h; b2,h} = {bQ’h}, and
since B has no empty maximal clique of Ry and by py1,b2p41 € B, it follows that A} =qer
Ap N {bsp,...,bk+14} is non-empty. Thus, each group of Ri[B’ U {x}] is a subset of one of
Ai, oo AL, AL Aty - A1, {ba g b, {2}, and all these are non-empty sets. It follows that
Ri[B'U{z}] has at least k + 1 maximal groups, and so, Sy[B U {z}| has at least k + 1 maximal
groups due to Corollary 2.9.

Let H =4er Sp[X7(b)] ® Si[X7(c)]. If every supergroup partition for H has size at least
k 4+ 2 then t > k + 2. Otherwise, H has a supergroup partition of size at most k 4+ 1. This
particularly means that Sg[X7(b)] has exactly k + 1 maximal groups, which also implies that
Ri[E7(b) N V(Ry)] has exactly k + 1 maximal groups. Furthermore, each maximal group of
Sk[X7(b)] contains one of Ai,..., Ap—1, A4}, Ant1, ... Ag—1,{ban}, {z} as a subset. It follows
that H has a v-cac supergroup for each vertex v from X7 (c), in particular, for each vertex v
from Y7 (c) N (¥ U P). We consider four cases and show a contradiction in each case or that the
limit condition is satisfied.

As the first case, assume that b;; € Xp(c). Observe that Lemma 5.11 is applicable, and
wi,b11 € ¥p(c) and {b11,b1 2} and {wy, by 2} are the unique b; ;-cac and wy-cac supergroups of
H. Since H has a supergroup partition A of size k+ 1, the supergroup in A containing b; » must
contain by ; and wy, so that {wy,b1,1,b1,2} is a supergroup of H. However, the vertices from A;
s-distinguish w; and by; in H, a contradiction.

As the second case, assume that by, € X7 (c) and bap & X7(c). Let {b1, 2} be a by p-cac
supergroup of H. Since by, is a non-visible neighbour of by i, z € {b3—_1,...,bk+1,-1}, and
then, by, and z are adjacent in Si, a contradiction.

As the third case, assume that ws € X7(c) and byy & Xr(c). If wy € 37(c) then wy s-
distinguishes w3 and each vertex from B’ U {z}, and H cannot have a ws-cac supergroup, so
that wy € ¥7(c). Let {ws, 2} be a ws-cac supergroup of H. Since by, is a non-visible neighbour
ofwgin H, z € {b3p—1,...,bkt1k—1,b1%}. If b1 & B'U{z} then b s-distinguishes w3 and z,
a contradiction, so that b, € X7 (b) must hold, and therefore, = by ;, and by ;1 & X7(b), and
thus, by ;—1 s-distinguishes w3 and each vertex from Aj_q, so that z = by . This means that
{b1k, w3} is the only ws-cac supergroup of H. Observe that each vertex from A; U--- U Aj_4
has a non-visible neighbour in H from V (Ry). Since H has a wy-cac supergroup, it follows that
{b1 k, w4} must be the only wy-cac supergroup of H. Then, {b1 i, ws, w4} must be a supergroup
of H, however, by j, s-distinguishes w3 and w4 in H, a contradiction.

As the fourth case, assume that by € Xr(c). We show that (X7(b), X7 (c)) indeed satisfies
the limit condition, by verifying the satisfaction of the three items. The proof relies on the
existence of cac supergroups.

o {bok, w3, ws} C Er(c)

Analogous to the third case, if ws & Xr(c) then H has no by j-cac supergroup, so that
ws € Yr(c), and if wy & Yp(c) then H has no ws-cac supergroup, so that wy € 37(c).
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e Xr(D)NT = {b1s 1}

Recall that X7(b) NV = {x}. If = b ;, then each vertex from A; U---U Aj_; has a non-
visible neighbour from V(Ry) in H, and since by j, € X7(c), ba i, is a non-visible neighbour
of  in H, so that each vertex from Y7 (b) has a non-visible neighbour from V(Ry) in H,
and H cannot have a wy-cac supergroup, a contradiction.

If © € {b1,1,b1,2,...,b1—2} then by y—1,b1 1 € B'U{z} and H has no by y-cac supergroup.

o {br—11,bp41,1} and {by y_1,b2} are non-splittable supergroups of H

Since & = by j_1, each vertex from B’ has a non-visible neighbour from U\ {b; j_1, w3} =
{b1,1,...,b1 k—2,b1 %} in H. Since H has a ws-cac and a wy-cac supergroup, it follows that
{b1,k—1, w3} and {by x—1,ws} are the only possible wsz-cac and wy-cac supergroups of H,
so that {b1 —1, w3, ws} must be a supergroup of H. This particularly means that by ;1
must not have non-visible neighbours in H, i.e.,

{b2,k—2a---abk+l,k—2} U {bQ,k—l,---,ka,k—l} c B,

and h=%k — 1.

Recall from the two introductory paragraphs of the proof that Aj,..., Ax_o are groups

of Ry[B'U{x}]. Since Ay_o = {bak—2,...,bk+1,k—2}, an easy induction shows for every 1 <

J < k—=2that {by—_j;,...,bgt1,} € Aj, which particularly means that {by—1 1,05 1,bk4+1.1} C
Aq. It directly follows that {by_1.1,bk+1,1} is a non-splittable supergroup of H.

We consider b . Recall that by, & YX7(b) and by, € X7(c) and H has a by j-cac super-
group. It follows that {bs_1,b2} is the only possible by j-cac supergroup of H, so that
{b2,k—1,b2 1} is a non-splittable supergroup of H.

[ ] 1f k? =3 then B \ {wl, wg} = {bgyl, 1)3717 b471, bg’g, b3’2, b472}

This is observed in the preceding bullet point, by inserting £k = 3. The equality follows
from BNW¥ = (.

We have shown that the three items of the limit condition are satisfied, where the first item was
already verified in the second paragraph of the proof. Note that ¥7(b) and Yp(c) contain at
least two vertices each, so that T" is not a supergroup caterpillar tree.

We complete the proof of the lemma, based on the four above cases. If by € X7(c) then
the limit condition is satisfied, as it is shown in the forth case. If by & ¥7(c) then one of the
first three cases must apply, since otherwise, b1 1, b1k, ba k, w3 & X7(c) means Xr(c) N (P UP) C
{b12,...,b1 g1} U{bapt1,...,b2k—1}, and this contradicts Lemma 5.10. =

As the second case, we consider sets that contain by ;. The studied situations are as in the
left-side case of Figure 15.

Lemma 5.13. Let B C V(S), and assume that BNW¥ = 0 and by, € B and B has no empty
mazximal clique of Ry. Let x € VNV (Ry).

Let T be a t-supergroup tree for Sy with t > 1. Assume that T has an inner node a with b
and ¢ its children in T such that Xp(b) = BU{x} and Xp(c) NV # 0. Then, t > k + 2.
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Proof. For every 1 < j < k, let Aj =qef BN K. Let B’ =q¢t BN V(Ry). Observe that
B" = A U---U Ag. Since B has no empty maximal clique of Ry, Ai,...,Ax_1 are non-
empty. Since w3 € Xr7(b), every group X of Sg[B U {z}] with X C V(Ry) is a subset of one of
Ai, oo A1, {ba i}, {2}, as can be seen as follows: if o & {by ;—1, b1} then this follows from the
second statement of Lemma 5.7, and if ¢ € {b; j_1, b1 1} then this follows from the first statement
of Lemma 5.7 and the fact that w3 is a non-visible neighbour only of b3 . For an illustration of
the situation, consider also the left-side figure of Figure 15. Let H =qof Sk[27(b)] @© Sk[E7(c)].
We conclude that every supergroup partition for H has size at least k41, and for a contradiction,
we suppose that ¢t < k + 1, and H has a v-cac supergroup for each vertex v from 7 (c). We
consider three cases and show a contradiction in each case.

As the first case, assume that b;; € X7(c). As in the proof of Lemma 5.12, {w;, b1 1,012}
must be a supergroup of H, and the vertices from A; s-distinguish w; and by ; in H, a contra-
diction.

As the second case, assume that by, € X7(c). Suppose for a contradiction that {by i, z} is
a by g-cac supergroup of H. Observe that by ;. is a non-visible neighbour of by in H, so that z
must be a neighbour of by, in Ry, and thus, z € {b3y_1,...,bk+1,—1}. Then, z is adjacent to
b1k, a contradiction.

As the third case, assume that ws € Xp(c). If wy ¢ 3p(c) then wy s-distinguishes ws
and each vertex from X7 (b) N V(Ry), and H has no ws-cac supergroup. So, wy € Xr(c). Let
{ws, z} be a ws-cac supergroup of H. Since by, is a non-visible neighbour of w3 in H, it follows
that z € {b3gp—1,.-.,bp+1k—1,01%}. If b1 & X7 (b) then by p s-distinguishes w3 and z, so that
b1 € Xr(b) must hold. In particular, x = by, and therefore, by ;1 ¢ X7(b). Thus, by p—1
s-distinguishes w3z and each vertex from Aj_;, so that z = x = by x, and {ws, by 1} is the only
ws-cac supergroup of H. Also note that x = by ;, implies that each vertex from Ay U---U A,
has a non-visible neighbour from V(Ry) in H. We consider wy. Observe that {b; j, w4} and
{b2,5:, wa} are wy-cac supergroups of H, and these are the only possible w4-cac supergroups of
H. Let {M,..., Myy1} be a compatible supergroup partition for H of size k 4+ 1. Then, there
is 1 <i < k+ 1 such that {byy,ws} C M; or {byy,ws} € M;. If the latter holds then there
are 1 <i,j < k+ 1 such that {b; y,ws} C M; and {ws, by x} C M;, which clearly means that
i = j and {by x, w3, ws} C M;. However, by, s-distinguishes w3 and w4 in H. Thus, there are
1 <i4,j < k+1 with ¢ # j such that {byy, ws} C M; and {ws, by} C M;. Now, observe
that {ba,ws} and {ws, by} are not compatible in H, since by, and wy are non-adjacent in
Sk, so that M; and M; are not compatible in H, and thus, {Mj, ..., Mj41} is not a compatible
supergroup partition for H, a contradiction.

To complete the proof, it remains to see that bi1,b1 5, w3 & Xr(c) means Xp(c) NV C
{b12,...,b1k—1}. We directly conclude a contradiction by the application of Lemma 5.10. =

We summarise the results of this subsection about W.
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Corollary 5.14. Let T be a t-supergroup tree for Sy witht > 1. Assume that T has a mazimal
Ry-clique split node a with b and ¢ its children in T such that Xp(a) C V(Ry) and Xp(b) has
no empty mazimal clique of Ry. Also assume that ¥r(a) N ¥ C Xp(c) and |Er(c) N ¥| = 1. If
t <k+1 thenT is not a supergroup caterpillar tree and the following two items apply:

e T has an inner node a’ with b’ and ¢ its children in T such that (37 (b)), X7 () satisfies
the limit condition

o if k =3 then ¥r(a) = {v2,vs,v4, V5, V6, V7, Vs }.

Proof. Let = be the vertex with ¥r(c) N ¥ = {z}. Recall that ¥7(a) N ¥ = {z}. Let h be
the largest integer with 1 < h < k such that by} € ¥r(a). Note that h indeed exists, since
otherwise, X (a) N U = (), so that ¥ (a) cannot have a full maximal clique of Ry, contradicting
the choice of a as being a maximal Rj-clique split node of T'. Also note that by ;, € ¥, so that
by n, # x. We distinguish between two cases about h.

Case 1: h=k

Observe that this means by € Xr(a). Let @’ be a node of T' with &' and ¢ its children in T
such that Yp(a) C Xp(V) and Xp(b) N ¥ = {z} and Er(<) N ¥ # (). Observe that a’ and ¥
and ¢ exist, where a = b’ is possible but not necessary, and d’, V', ¢ satisfy the assumptions of
Lemma 5.13, and we conclude ¢t > k+2. @O

Case 2: h <k

Let ® =qef {b2; : h < j < k}. According to the choice of h, it follows that X7(a) N ® = 0,
and thus, Y7(a) N (VU ®) = {z}. Let ¢’ be a node of T with b’ and ¢ its children in 7" such
that Yp(a) C Ep((V) and Zp(0) N (P U @) = {z} and Tp(d) N (¥ U P) # (. Observe that o
and b’ and ¢ exist and satisfy the assumptions of Lemma 5.12: if ¢ < k + 1 then T is not a
supergroup caterpillar tree for S and (X7 (b), X7 (c)) satisfies the limit condition, and the first
item applies.

Assume k = 3 and t < 4. Since (X7 (b), Xp(c)) satisfies the limit condition, in particular, the
second item of the limit condition, Xp(d') \ {wy, w2} = {v2,vs, v4, v5, v6, v7,v8} holds. Suppose
for a contradiction that X7(a) C X7 (b)) N V(R3). This means that 7" has an inner node a” with
b"” and " its children in T such that

Yr(a) € Sr@") € Er(d”) C @) and 3p(d) N {va, v3,v4, v5,v6, 07,08} # 0.

Then, Y7 (b”) has a full and no empty maximal clique of R3, and we can apply Lemma 5.5 to
the V(R3)-reduced supergroup tree of T', and it follows ¢ > 5, a contradiction to the assumption
of t < 4. Thus, X7(a) = (/) N V(R3) must be the case, and the second item applies. O =

The result of Corollary 5.14 gives strong properties about supergroup trees for Sy that are
in accordance with . Therefore, we also conclude strong properties about supergroup trees for
Sk that are in accordance with ¥/, through the automorphic equivalent of Corollary 5.14.

5.3 Second part of analysis of supergroup trees and conclusion

In the previous subsection, we considered properties of supergroup trees for Sp that are in
accordance with ¥ and ¥’. Following Corollary 5.9, one case remains. Let

U =gt {viks1:0<i<k}U{ws,ws}.
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Figure 16: The situation for S5 when the bubbles for the vertices in ¥” are empty. Note that
this situation is automorphically equivalent to itself.

The described situation is depicted in Figure 16. This is an easy and nice case, when compared
to the analysis of the situations in the preceding subsection, since BN¥" = () implies that Si[B]
has many maximal groups already.

Lemma 5.15. Let B C V(Sk), and assume that BN Y’ = () and B has no empty mazximal
clique of Ry. Let x € W' NV (Ry).

Let T be a t-supergroup tree for Sy with t > 1. Assume that T has an inner node a with b
and ¢ its children in T such that X1 (b) = BU{x} and Xp(c) "N V" £ (0. Then, t > k + 2.

Proof. Let d; =ger i - k + 1 for 0 <14 < k. Observe that (dy,...,dy) is a B-empty forward long
step index sequence, where d, = k -k + 1 = n, and x = vy, for some [ with 0 < [ < k. For
1<i<k, let Aj =gt BN{vg, ,,...,vq,}. Since d; —d;—1 = k and B has no empty maximal
clique of Ry, Ai,..., Ay are non-empty. Also observe that each vertex in Yp(b) N V(Ry) has a
non-visible neighbour from ¥’ NV(Ry) in H.

Let X be a group of Si[B U {z}] with X C V(Ry). We show that X is a subset of one
of Ay,..., Ag,{z}: if 0 < | < k then this is the case directly due to the third statement
of Lemma 5.7, and if [ = 0 or [ = k then this is the case due to the third statement of
Lemma 5.7 and the fact that wse or w3 s-distinguishes x and each other vertex from BNV (Ry).
It follows that Si[B U {z}] has at least k + 1 maximal groups with vertices of Ry. Let H =gt
Si[27(b)] ® Sk[Xr(c)]. Tt follows that each supergroup partition for H has at least k + 1
supergroups with vertices of Ry.

For a contradiction, suppose that ¢ < k+1. Then, H has a v-cac supergroup for each vertex v
from X7(c). Let y be a vertex from X (c) N P”, that exists by the assumptions of the lemma.
Since H has a y-cac supergroup, Lemma 5.10 shows that y € {v1, vy, w2, ws}. Observe that the
cases y = we and y = ws are automorphically equivalent. So, suppose for a contradiction that
y € {wa, w3}, and we can assume y = wq. If w1 & Y7 (c) then wy s-distinguishes wy and each
vertex from Y7 (b) N V(Ry), so that H cannot have a y-cac supergroup, a contradiction, and
thus, w; € ¥7(c), and H has a w;-cac supergroup {wi, z}. However, as observed above, z has
a non-visible neighbour from V(Ry) in H, that s-distinguishes w; and z, a contradiction. Thus,
wa, w3 € Xr(c), and y € {v1,v,} must hold. Since the two cases are automorphically equivalent,
we may restrict to y = v;. Note that wy s-distinguishes v; and each vertex from X7 (b) NV (Ry),
and H has no y-cac supergroup, a contradiction. m

We are ready to prove the main results about Si. We do this in two steps.
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Corollary 5.16. Let T be a t-supergroup tree for Sy with t > 1. Ift < k+ 1 then T is not
a supergroup caterpillar tree and the following two items apply to T and Sy or to T and the
automorphic copy of Sk:

e T has an inner node a’ with b’ and ¢ its children in T such that (Sp(b), X7 () satisfies
the limit condition

e ifk =3 then T has a maximal R3-clique split node a with X1(a) = {va, v3,v4, V5, Vg, V7, Vg }.

Proof. We assume that ¢t < k41, and we apply Corollary 5.4: T has a maximal Rg-clique split
node a with b and ¢ its children in 7" such that ¥p(a) C V(R) and X7 (b) has no empty maximal
clique of Ry and one of the two stated statements applies. Let B =gt X7(b) and C =ger X7 (c).
So, B U C has a full maximal clique of Ry and B has no full and no empty maximal clique of
Ry, and either |C]=1or (BUC)NY|=1and |(BUC)N¥'| =1.

Assume (BUC)NW¥ C C. Then, (BUC)N¥ =CN V. Note that (BUC) NP # (), since
B U C has a full maximal clique of Rg. So, |C' N ¥| =1 also in case of |C| = 1. We can apply
Corollary 5.14, and the two items apply. If (BUC)N ¥ C C then |[C N Y| =1, and the two
items apply to T" and the automorphic copy of Sy according to Corollary 5.14. Observe that
this fully captures the second case of Corollary 5.4.

We henceforth assume that the first case of Corollary 5.4 applies, so that Si[B] has exactly
k maximal groups and |C| = 1, and we assume (BUC)NV¥ < C and (BUC)NY € C. Observe
that this means BN W # () and BN ¥ # (). Since B U C has a full maximal clique of R and
since |C| = 1, B has a full clique of size k of Rj. Due to Corollary 2.9, applied to Si[B] and
Ry[B], Ri[B] has at most k maximal groups. We distinguish between two situations about B.

Situation 1: v1 € Band v, ¢ B

Corollary 5.9 is applicable, and BN ¥” = (), and thus, X7(a) N V" =CNY”" = C. Let a’ be an
inner node of T' with ¢/ and ¢ its children in T" such that Y7(a) C X7 (V) and X0 (0)NY" =C
and Yr(d) NW” # (. Observe that a’ and b and ¢ exist. Then, we can apply Lemma 5.15,
which shows t > k+2. o

Situation 2: v, € Borv, € B

Since the case of v; € B is automorphically equivalent to the case of v,, € B, we assume v,, € B.
We show that this yields a contradiction. Since ¥p(a) C V(Ry), ws is a non-visible neighbour of
vy, in Sg[B], that s-distinguishes v, and every other vertex of Si[B], so that {v,} is a maximal
group of Si[B]. Since Si[B] has at most k maximal groups, it follows from Lemma 2.8 and
Corollary 2.9 that Si[B]—v, and Ri[B]—v, have at most k — 1 maximal groups each. We can
apply the second statement of Lemma 5.3, which shows BNW¥ = (), a contradiction to our above
assumptions. O

This completes the proof of the corollary. m

We are finally in the position to prove the desired lower clique-width bounds. We define four
further graphs, that we use a single name for. A graph S,j is obtained from Sj by adding a new
vertex w™ whose neighbourhood is one out of the following four:

. S}j(uﬂr) = {v1,..., vk, w1, wa} or NS:(wJF) = {Un_kily- -, Un, W3, Wy}

. Ns,j(er) ={v1,...,Vk_1, w1, wa} or NS;(wJF) = {Up—kt2; - -+ Un, W3, Wy}
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Figure 17: The four bubble models represent the four graphs that we obtained from adding a
new vertex to S and that we denote by S;', depicted for the special case of k = 5. The shaded
area collects the vertices of S5. The two bubble models to the left represent isomorphic graphs,
which are therefore full bubble model graphs. The two bubble models to the right also represent
isomorphic graphs, and these graphs are not full bubble model graphs.

The four possible bubble models for S,j that are based on a full bubble model for Sy are depicted
in Figure 17. Observe that S,j may not be a full bubble model graph. It will be important in
the coming lower-bound proof that two graphs are isomorphic to the other two graphs.

Proposition 5.17. For k > 3, lewd(Sy) > k + 2 and cwd(S;}) > k + 2.

Proof. Let T be a t-supergroup caterpillar tree for Si. Since T is also a t-supergroup tree for Sy,
we can apply Corollary 5.16, so that ¢t > k+2 directly follows, and we conclude lewd(Sg) > k+2.

For the second lower bound, on the clique-width of S,j, we consider the supergroup trees for
S,j. Let G be a graph S,‘:, and let w™ be the new vertex. Let T* be an arbitrary t-supergroup
tree for G. We suppose for a contradiction that t < k + 1.

Let T be the V(Sg)-reduced supergroup tree of 7. Due to Lemma 2.10, T is a t-supergroup
tree for Sg, and we can apply Corollary 5.16 to T and its automorphic equivalent. We restrict
to the exact case. So, T has an inner node a’ with ' and ¢ its children in T such that
(Xp(b),2r(d)) satisfies the limit condition and if k& = 3 then T has a maximal Rs-clique
split node a with Xp(a) = {ve,...,vg}. We begin by exploring the implications of the limit
condition, and we end by concluding for £ = 3 in a remaining special situation.

We study the situation in 7%. Let a* and b* and ¢* be nodes of T, where b* and c¢* are the
children of a* in T*, that correspond to respectively a’,V’, ¢ of T. Note that

Sr-(@)\ {w'} = Sp()
S\ {wt} = B
Sr-(e) \{w'} = S

Let H =get Sp[27 ()] @ Sk[Xr(d)] and H* =gef G[E7+(b)] & G[Xr+(c*)]. Tt is important to
observe that H is an induced subgraph of H*, in fact, H = H* or H = H*—w™, depending on
whether w* is a vertex of H*.

Let {Aj,...,A,} be the supergroup partition label of a* in T%. Since Ry[X7 (b)) NV (Ry)]
has k£ + 1 maximal groups due to the first item of the limit condition, p > k + 1 directly follows
due to Corollary 2.9, so that ¢t = p = k + 1 due to the initial assumption about ¢t < k + 1 and
p <t due to the definition of supergroup trees. This particularly means that each of Ay,..., 4,
contains a vertex of Rg. We use this to show that w* € X« (b*) must hold.

~

=R
S—

49



As an auxiliary intermediate result, we show that {by_11,b5+1,1} and {ba_1,b2} are con-
tained in supergroups of {A;,...,A,}. For every 1 < i < p, A;\ {w™'} is a supergroup of H
with respect to S due to Lemma 2.8. Thus,

{4\ ot}

is a supergroup partition for H with respect to Sg. If there are 1 <1 < j < p such that

be—11 € (A4 \{w"}) and bri11 € (4;\{w"}) or
bri11 € (Ai\{w™}) and by € (4;\{w™}),

i.e., if by_1,1 and by41,1 are not contained in the same supergroup, then we obtain a contradiction
to the fact that {by_11,br+1,1} is a non-splittable supergroup of H according to the third item
of the limit condition. Thus, there is 1 < ¢ < p with {by_1,1,bk+1,1} € A;. Analogously, there is
1 <j <pwith {bgj_1,b2} C Aj. To complete: if wT & Sp«(b*) then w™ s-distinguishes by_1 3
and by411 in H* and A; is not a supergroup of H* or w* s-distinguishes by ;1 and by, in H*
and A; is not a supergroup of H*. This yields a contradiction in each case. We conclude that
wT € Y7+ (b*) must hold, and, without loss of generality, we may assume wt € Aj.

Recall that A; contains a vertex z from X« (b*) N V(Ry). So, {w™,z} is a supergroup of
H*. We distinguish between the two situations about the neighbourhood of w™, whether w™ is
a neighbour of wy or of wy.

o wt is adjacent to wy in G
Observe that w' is adjacent to w3 in G. Due to the second item of the limit condition,
bok, ws & X+ (b*). So, z # by i, and wg s-distinguishes w™ and z in H*, a contradiction.
e wh is adjacent to wy in G and k > 4

Observe that w™ is adjacent to bi1 in G. Due to the second item of the limit condition,
bi1,b12 & X7+(b*). So, b1,1 is a non-visible neighbour of w™' and z in H*, and therefore,
z € {ba1,...,bk+1,1}, and then, by o s-distinguishes w™ and z in H*, a contradiction.

e wh is adjacent to wy in G and k =3
Recall that T" has a maximal Rs-clique split node a with ¥p(a) = {va,...,vs}. Observe
that X7 (a) describes the situation depicted in the right-side bubble model of Figure 12.
Let d* be a node of T* corresponding to a, which means that Yp«(d*) \ {w*} = S (a). If
wt € Yy« (d*) then wy s-distinguishes w™ and each vertex from Y (a), and G[X7+(d*)] has
five maximal groups. If w™ & Yp«(d*) then w™ s-distinguishes vo and vy, and G[Xr«(d*)]
has five maximal groups. In both cases, t > 5.

We conclude: ¢ > k + 2 must hold, and therefore, cwd(S;") >k +2. =
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Figure 18: Depicted is the graph My 26. It is composed of two 4-path powers on 3-5+1 = 16
vertices each and a 2-path power on ten vertices, containing ws,...,wg. The left side shows a
graph drawing, and the right side shows a bubble model representation. The graphs Fy and F)
are highlighted through shaded backgrounds.

6 Second clique-width lower-bound result

Let k be an integer with k > 3, and let n =gef (K — 1)(k+ 1) + 1 = k2. Let Ay = (v1,...,v,)
and A}, = (v],...,v;,) be two sequences of pairwise different vertices. The k-path power on
n vertices and with k-path layout Aj is denoted as F}j, and the k-path power on n vertices
and with k-path layout A} is denoted as Fj. Observe that Fj, and F] have exactly one ver-

tex less than Ry from Section 5. Let &’ and [ be two integers with & > k¥’ > 1 and [ > 0.

The graph Mj, i is obtained from the disjoint union of Fj and Fj, and I new vertices w1, ..., w;

such that {vy, g1, Uns W1, .o, WL, Vpys - o+, V), _pyq } induces a k'-path power with &'-path lay-
" / / .

out Ay, = (V15 e vy Uny Wy oo, W Uy, Vg )

V(Mk K l) = V(Fk) U V(F]g) U {wl, e wl}

LA

E(Myp1) = E(Fp)UE(F;)U{zy:zand y are at distance at most &' in A, ;}.

ELAA]

We can say that My s, is obtained as the union of a k’-path power with k’-path layout A},
and Fj, and F. If [ is small then vertices of Fj, and F}, may be adjacent in M, j;. An example,
of My 26, is depicted in Figure 18. Throughout this section, we fix these definitions, and we
necessarily require k > 4.

We show that the clique-width of Mj, s is at least k + 2 for large &’ and the linear clique-
width of My, s is at least k + 2 for every &’ > 1. Our approach to proving these two lower
bounds partially resembles the approach taken in Section 5. We will analyse the supergroup
trees for Mj, ;s; and study supergroup partitions. The following technical lemma is a helpful
observation about supergroups.
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Lemma 6.1. Let (B,C) be a partial partition of V(M 1) such that B and C have no full
mazimal clique of Fy,. Let H =qe¢ My 1y 1[B] © My, 1 1[C].

1) Lety,z be a vertex pair of H with y € BNV (Fy). Assume that {y, z} is a supergroup of
H. Then, {y,z} is a clique of H.

2) Assume that BUC has a full mazimal clique of F}, and v, ¢ B. Let D =gef (BUC)\V (Fy).
Assume that D is a supergroup of H. Then, V (F)U{w1,...,w;}U{vp_p41,...,0n} C C.

Proof. We prove the first statement. Suppose for a contradiction that y and z are non-adjacent
in H. Then, y and z are non-adjacent also in My ;. Let y = v,. If 2 ¢ V(F}) then either
1<p<k+1land {vi,...,0p11} CBork+2<p<nand {vy_g,...,vp} C B, both cases
yielding a contradiction. So, z is a vertex of Fj, and z = v,. Thus, {vp,v,} is a supergroup
of H and v, and v, are non-adjacent in Mj ;. We can henceforth assume p < p+k < ¢
without loss of generality. If p > k + 1 then {v,_,...,vp} is a full maximal clique of Fj, in B,
if p<kandqg>n—Fkthen {vi,...,vp41} is a full maximal clique of Fj in B, and if ¢ <n —k
then {vg,...,vg4r} € B or {vg,...,v44x} C C. So, each of the three possible cases yields a
contradiction. For the second case, it is necessary to observe that (k+1)+k = 2k+1 <n—k < q.

We prove the second statement. Let a and b be indices with 1 < a < b < n such that
{ve,...,up} € D and b — a is largest possible. Observe that b —a > k, since D has a full
maximal clique of F}. If a > 2 then v;, ; ¢ BUC, and v,_, s-distinguishes v;, and v, in
H, and if b < n — 1 then v, s-distinguishes v, and v;_, in H, so that @ = 1 and b = n and
therefore V(F}) C D.

If there is a largest index ¢ with 1 < ¢ <[ and w, &€ D: if ¢ <[ then w, s-distinguishes w¢41
and v] in H, and if ¢ = [ then w, s-distinguishes v}, and v} in H, so that V (F})U{w,...,w} C D
must hold.

Due to Lemma 2.4, H[D| = My, ;»;[D], and since M, ;s ;[D] is a connected graph, D C B or
D C C must hold. If D C B then v, s-distinguishes v} and one of w; and v/,, mainly depending
on whether I =0or [ > 1. So, D C C must hold.

Finally, observe that each vertex from {v,_j/41,...,v,} may s-distinguish v] and one of w;
and v}, in H, so that {v,_x/11,...,v,} C C must hold. =

For 1 < j < k-1, let Kj =gef {VG-1)(h+1)+15- - Vj(k+1)}, and let Ky =gef {vn}. The
following lemma about top vertices in induced subgraphs of Fj mainly re-states the result of
Lemma 5.6. Recall that R, and F}, differ by a single vertex. The lemma can be proved analogous
to the proof of Lemma 5.6, or it suffices to observe that it follows from Lemma 5.6 by considering
sets B of vertices of R, with either by y,bo ) & B or by, ba ) € B.

Lemma 6.2. Let B C V(F}) be such that B has no full maximal clique of Fy,. The top vertices
of Ki,...,Ky in B appear in pairwise different mazimal groups of Fy[B].

Let T be a supergroup tree for My, ;/;. Let a be an inner node of T" and let b and ¢ be the
children of @ in T. We call a a two mazimal clique split node of T if ¥7(a) has a full maximal
clique of Fj, and a full maximal clique of F} and neither ¥7(b) nor X7 (c) has a full maximal
clique of Fj, and of F}. We will often assume, without loss of generality, that X7 (b) has no full
maximal clique of Fj, and ¥7(c) may or may not have a full maximal clique of Fj. It will turn
out that there are two major cases to consider.
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The first case, that we consider in the next lemma, shows that first constructing F, and then
constructing Fj requires many labels.

Lemma 6.3. Let T be a t-supergroup tree for My, witht > 1. Let a be a two mazimal clique
split node of T' with b and c its children in T such that X7 (b) has no full and no empty maximal
clique of Fi,. Then, t > k+2, or k' =1 and T is not a supergroup caterpillar tree for My, j1 .

Proof. Let H =4f Mk,k’,l[ET(b)] ) Mk,k’,l[ZT(g)]- Let B =qef Y7(b) N V(F)) and C =gef
Yr(c) NV (Fy), and let D =q¢¢ X7(a) \ V(F)). Let a be smallest such that v/, € D. Recall here
that D N V(F}) is non-empty and a < n — k, since ¥r(a) has a full maximal clique of F}. In
particular, v/, has no neighbour from V' (F}).

Let ® and ®' be the sets of the top vertices of K1,...,Ky_1, Ky in B and C, respectively.
Since B has no empty maximal clique of Fy, (BN K}y),...,(BNKi_1) are non-empty, and since
C' is non-empty, also @' is non-empty. Thus, k —1 < |®| < k and 1 < |®’|. Since B and C have
no full maximal clique of Fj and v/, has no neighbour in ®U®’: no supergroup of H contains two
or more vertices from ® or from ® due to Lemma 6.2, and no supergroup of H contains vertices
from more than one of the sets ®,®', {v/} due to the first statement of Lemma 6.1. Thus, no
supergroup of H contains two or more vertices from ®U®' U{v/}, so that [PUP U{v,}| > k+2
implies t > k + 2.

Assume |[PU®'U{v,}| < k+1. This means: |®| = k—1and |®'|=1and v, ¢ Band C C K,
for some 1 < p < k. Observe that the vertices from K, 1 or K41 s-distinguish the vertices
from C'N K. Thus, no supergroup of H contains more than one vertex from ® U C' U {v}, so
that [®UC U {v,}| > k + 2 implies t > k + 2.

Assume |[® U C U {v,}| < k+ 1. This means |C| = 1; let C = {v.}. No supergroup of
H contains vertices from ® U {v.} and D, according to the first statement of Lemma 6.1: if
¢ < n — k' then v, has no neighbour in D, and if ¢ > n — k’ + 1 then v._j s-distinguishes v. and
each vertex from D in H, and if ® contains a vertex with a neighbour in D then this is the top
vertex of Kj_1 in B, which cannot be v,_(x41), so that v,_41) ¢ B s-distinguishes the top
vertex of Kj_q1 in B and each vertex from D in H. Thus, if D is not a supergroup of H then
each supergroup partition for H has at least two supergroups containing vertices from D, and
thus, each supergroup partition for H has size at least k + 2, and thus, t > k + 2.

Assume that D is a supergroup of H. Recall from the introductory definitions that D =
Yr(a) \ V(F), and we have already seen v, ¢ B. So, the second statement of Lemma 6.1 is
applicable: V(F{) U {w1,...,wi} U {vp_p+1,...,vn} C Ep(c). Since |C| = 1, it follows that
H{vn—ks1,---,vn}| < 1, which means ¥’ = 1. And T is not a supergroup caterpillar tree for
M j 1, since |X7(b)| > |B| > k and |E7(c)| > [V(F})| + {vn—w+1,-- - on} > (k+1)+ 1. =

We consider the second major case. Let G be a k’-path power and let (z1,...,2,,) be a
k'-path layout for G. Let B C V(G), and let x, be a vertex of G. The close left vertex of x4 in
B is the vertex with largest index from this set, if it is non-empty:

Bn {ngi(kurl) 24> 1 where 1 < g —i(k' + 1)} .

Informally, using the bubble model notions, the close left vertex of x4 in B is the vertex from
B “nearest” to the left of x4 in the same row of the bubble model. Equivalently, we can define
close right vertices, that are the close left vertices in the reverse of (x1,...,zy).
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Lemma 6.4 ([14]). Let G be a k'-path power on m vertices with m > k' +3, and let (x1, ..., Tm)
be a k' -path layout for G. Let (B,C) be a partial partition of V(G). Let 1 < g < ¢’ <m be such
that vy, xy & B, and assume that x4 and xy have close left vertices xy, and xy,, respectively, in
B, where h # h' and h' < g. Then, {xp,xp} is not a supergroup of G|B] & G[C].

In an informal sense and using the bubble model, the result of Lemma 6.4 can be seen as the
“rows equivalent” of Lemma 6.2 about top vertices in columns. We apply this result to prove
a lower bound for an arbitrary path power, a result, that we use as the technical key result for
our second lower-bound situation for My, 5/ ;.

Lemma 6.5. Let m be an integer with m > 2(k' +1). Let Q be a k'-path power on m vertices
with kK -path layout (x1,...,xy). Let (B,C) be a partial partition for V(Q), and let H =qef
Q[B] ® Q[C]. Assume that B and C satisfy the following conditions:

o {x1,...,211} C B and {zp_p/,...,xm} CC
o B\ {z1} and C\ {zn} have no full mazximal clique of Q.
Then, each compatible supergroup partition for H has size at least k' +1 + L%J

Proof. Since k' > 1, it directly follows m > 2(k' + 1) > k' + 2+ 1, and Lemma 6.4 is formally
applicable.

Before we begin the analysis, observe the following auxiliary result, that will be of importance
later. Assume H has a supergroup {u,v} with v € B and v € C, where u = x, and v = z,. If
g<pthenk'+1<qg<qg+k <p<m—F,and {zg_p,..., 2} would be full in C'\ {z,,} and
{Zp, ..., xpyr } would be full in B\ {x,,}, contradicting the assumptions about ). Thus, p < q.
K +1<p<p+k <gqthen{z, j,...,2p} C B\ {z1}, contradicting the assumptions about
Q. Thus, p <k + 1.

Also note that the second condition on B implies zy/1o ¢ B, since otherwise, B\ {z1} has
a full maximal clique of Q).

We analyse the size of the compatible supergroup partitions for Q. Let ® be the set of
the close left vertices of @, g/, ..., xy in B. Recall that {x,,_j/,...,zp} is full in C' and thus
empty in B. Since {z1,...,xp41} is full in B, every vertex has a close left vertex, and thus,
|®| = k' 4+ 1. Note that ® C {z1,...,2m_x—1}. So, Lemma 6.4 is applicable, and the vertices
in ¢ appear in pairwise different supergroups of every supergroup partition for H. Analogously,
let ® be the set of the close right vertices of x1,...,xp41 in C. Then, |®'| = k' + 1, and the
vertices in @' appear in pairwise different supergroups of every supergroup partition for H. Let
{M;,..., M,} be a compatible supergroup partition for H. If the vertices from (® \ {z;}) U &’
appear in pairwise different supergroups from {Mji, ..., M,} then r > |®\ {x1}| + |D| > 2K + 1.

As the other case, there are a largest index ¢ with 2 < ¢ < m and an index ¢ with 1 <¢ <r
and a vertex z from @ such that z, € ® and {z4, 2} C M;. The above auxiliary result shows
that ¢ < &’ + 1 must hold. This particularly means that zj/42 is a non-visible neighbour of z,
in H, and thus, zj/49 must be adjacent to z in @, so that z € {zg/43,...,To+2}. And since z,
and z are non-adjacent in @, we conclude z € {1 p/41,. .., Topr+2}-

Next, assume that there are vertices x4,z with z, € ® and 2 < a < ¢ and 7, € ¥
and an index j with 1 < j < r such that {z,,2,} C M;. Observe that ¢ # j must hold,
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since otherwise, two vertices from ® would make a supergroup of H, contradicting Lemma 6.4.
Observe that {z4,z} and {x,, 2} are compatible in H, since {Mj,..., M,} is a compatible
supergroup partition for H. We show that ¢ + &' +1 < b < 2k’ + 2. First, suppose for a
contradiction that b < ¢ + k’, which means that z, and x; are adjacent in (). Observe that
xqxp is a non-visible edge of H, since 4 € B and x; € C, and the compatibility condition
implies that x, and z must be adjacent in @, meaning that z € {z1,..., 2,14}, and since
a<qg<a-+k <qg+ k', weobtain a contradiction to the above, and therefore, g + k' + 1 < b.
Second, observe that /19 is a non-visible neighbour of x, in H, and thus, b < 2k’ + 2 directly
follows.

We summarise the results. Let u,v be a vertex pair of H with u € ® \ {z1} and v € ® and
assume that there is an index ¢ with 1 <14 < r such that {u,v} C M;. Then, u € {za,..., 24} NP
and v € {Tg4r/+1,- .., Topr42} NP Let f be the number of supergroups from {M,..., M.}
containing a vertex from ®\ {z1} and from ®’. Observe that r > |®|+|®'|— f—1 =2k +1—f.
To see the usefulness of the inequality, note that x; may be a vertex from ® and may also be in
a supergroup with a vertex from ®’, and this supergroup does not contribute to f. If f < (’%1
then r Iy

r > @+ -f-1 > 2K +1- {QW = kK+1+ {2J ,
and the claimed lower bound on the size of {Mj, ..., M,} follows, and the proof is completed.
It remains to verify the assumed assumption about the value of f. Applying the above obtained
results, this follows:

f min{‘{xg,...,mq}ﬂq)),

IN

{Tqnit, - Tawga} N ‘I)/‘}
< min{q—l,(2k’+2) - (q+k:’+1)+1}

q—1+K—q+2| |K+1] [F
2 - 2 2]

= min{q—l,k'—q—{—Q} < {
This completes the proof of the lemma. =

Corollary 6.6. Let T' be a t-supergroup tree for My sy with t > 1. Let a be a two maximal
clique split node of T with b and ¢ its children in T' such that ¥1(b) has no full mazimal clique
of Fi, and has a full mazimal clique of F}, and Y (c) has no full mazimal clique of F}, and has

a full mazimal clique of Fy,. Then, t > K + 1+ L%/J

Proof. Since ¥X7(c) has a full maximal clique of Fj, ¥7(b) has an empty maximal clique of F,

and since X7 (b) has a full maximal clique of F}, X7 (c) has an empty maximal clique of Fy.
We define a specific induced subgraph of Mj, ;s ;. Let @' be the induced subgraph of My, 5/

on the following vertices:

{wr,...,w} U {v,:n—k <p+i(k+1) <n for somei >0}
U {v,:n—k <p+i(k+1) <n for somei>0}.

The definition of @’ is illustrated in Figure 19. It is important to observe that @’ is a k’-path
power, and each of ¥7(b) and X7 (c) contains a full and an empty maximal clique of @', simply
by restricting the full and empty maximal cliques of F}, and F}, to the vertices of Q'
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Figure 19: Depicted is a bubble model for Mg 3 34. The bubble model is not full. We see two
types of vertices: the circles represent the vertices of Fg and Fg, and the squares represent the
added vertices wy, ..., wss. The vertices of Fg and F§ are additionally collected by the thick
frames, and the vertices of the 3-path power, extending from {wi,..., w34} according to the
construction in the proof of Corollary 6.6, are indicated by the shaded area. A 3-path layout
can be read off the bubble model from left to right.

We define an induced subgraph of . Let m’ be the number of vertices of @', and let
(Y1, ..., ymr) be a k'-path layout for @Q'. Let B’ =gef (b)) N V(Q') and C" =ger () NV (Q').
Recall from the preceding paragraph that B’ and C’ have full maximal cliques of Q’. We define
Q by iteratively applying the following procedure: if B’ and C’ have full maximal cliques of
Q' in Q'—y; then restrict Q' to Q' —y1, and if B’ and C’ have full maximal cliques of @’ in
Q' =y then restrict @' to Q'—y,,y. Note that (ya,...,y,) is a k'-path layout for Q'—y; and
(Y1, -y Ymr—1) 18 a k'-path layout for Q' —vy,,». We repeat this procedure as long as possible.
Then, @ is the resulting graph.

Observe that @ is a k’-path power. Let (x1, ..., x,,) be a k’-path layout for Q); we can assume
that (x1,..., %) is the remaining sublayout of (y1,...,ym). Let B and C be the restrictions
of B" and C’ to the vertices of @, i.e., B=B' NV(Q) and C = C' NV (Q). The construction
of @ yields the following properties: {z1,...,zp 41} is a full maximal clique of B or C'; without
loss of generality, we may assume {x1,...,2x 11} C B. It follows that {z,,_g/,..., T} is a full
maximal clique of @ in C.

We conclude the desired lower bound on t. Let H =4 Q[B] ® Q[C]. Observe that ) and H
and (B,C) and (x1,...,x,,) satisfy the assumptions of Lemma 6.5, and we conclude that every
compatible supergroup partition for H has size at least k' +1+ L%IJ Recall that H is an induced
subgraph of H' =4t Q'[B'] ® Q'[C'], and thus, each compatible supergroup partition for H' has
size at least &'+ 1+ % ]. Next, H' is an induced subgraph of My, s 1[S7(b)] @ My 1 1[S7(c)], and
hereby, t > k' +1+ L%/J directly follows. For the arguments, recall the results of Subsection 2.2.3.

We combine the obtained results and finish with the desired lower bounds on the clique-width
and linear clique-width of My, 1/ ;.
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Proposition 6.7. Fork>4 and k >k >1 and > 0,
1) ICWd(Mkyk/J) > k+ 2, and
2) if k' + | &) > k41 then cwd(My ) >k + 2.

Proof. Let T be a t-supergroup tree for My ;s ;. By descending in T, it is clear that 7" has a
two maximal clique split node a. Let b and ¢ be the children of @ in T', and let B =4ot X7(b)
and C =qef X7(c). We begin by listing three cases.

1) B and C have empty mazimal cliques of Fy,

Let T* be the V(F}y)-reduced supergroup tree of T. Observe that T* has a maximal F-
clique split node a* with b* and c¢* its children in 7™ such that Y7+ (b*) and Xp-(c*) have
an empty maximal clique of Fj: if neither B nor C has a full maximal clique of Fj, we
choose a* as the node of T* that corresponds to a of T', and if B or C has a full maximal
clique of Fj, which means that ¢ cannot serve as a maximal Fj-clique split node, then
we find a¢* by descending further from a. We can apply Lemma 5.2 to T*, and t > k + 2
follows.

2) B and C have empty mazimal cliques of F},

This case is analogous to Case 1, and t > k + 2 follows.

3) B or C has no full and no empty mazimal clique of Fy, or
B or C has no full and no empty mazimal clique of Fy,

Lemma 6.3 is applicable, and t > k 4+ 2 or the special case of the lemma applies.

Recall the special case of Lemma 6.3: k¥’ = 1 and T is not a supergroup caterpillar tree. So, if T'
is a supergroup caterpillar tree, for the first statement of the proposition, then ¢ > k + 2 must
hold. And if T is not a supergroup caterpillar tree, for the second statement of the proposition,
then &’ = 1 does not satisfy the inequality condition of the statement.

We summarise the situations for B and C' that we have already considered by applying
the three above cases. We list the sixteen possible situations, about B and C having empty
maximal cliques, in the below table: a “+” entry for B(F}), for example, means that B has an
empty maximal clique of Fj, and a “-” entry for B(F},) analogously means that B has no empty
maximal clique of Fj,. We give a reference to a case that considers this particular situation. It
is to note that serveral cases may be applicable to the same situation.

B(Fy) |- - - - - - - - 4+ + + + + + + +

B(F))|- - - - 4+ + + + - - - - 4+ 4+ + +

CFp) |- - + + - - + 4+ - - + + - - + +

CEF)|- + - + - + - + - + - + - + - +

case 3 3 3 3 2 2 3 1 1 2 1 1
A B C D

We specially argue about the four remaining cases. We begin with Case A. If B has no full
maximal clique of Fj, or of F} then Case 3 is applicable, and if B has a full maximal clique of
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Fj, and of Fj then a is not a two maximal clique split node. Case D is analogous to Case A,
with the meanings of B and C interchanged.

We consider Case B: B has no empty maximal clique of Fj and C has no empty maximal
clique of F}, so that B has no full maximal clique of Fj and C has no full maximal clique
of Fj,. If B has no full maximal clique of Fj, or if C' has no full maximal clique of F] then
Case 3 is applicable. If B has a full maximal clique of F}, and C has a full maximal clique of F,
then Corollary 6.6 is applicable, with the meanings of B and C, or, equivalently, of F}, and FJ,
interchanged, and ¢t > k' + 1 + L%/J > k + 2. Note here that T is not a supergroup caterpillar
tree. Case C is analogous to Case B. n

We remark that the second statement of Proposition 6.7 is interesting only for k > 5 and
k' > 4, since L%J <1 for k' <3.

7 Computation and characterisation

We are ready to obtain the full characterisation of the clique-width and linear clique-width of
full bubble model graphs. We obtain the characterisation by combining the lower- and upper-
bound results from the preceding sections. We proceed in two stages: we first summarise and
complete the lower-bound results, and then, we prove the final characterisation and give the
efficient computation algorithms.

7.1 The completed lower-bound results

We summarise the obtained lower-bound results from Sections 5 and 6. We also extend these
results to capture the remaining few cases for obtaining a complete list of forbidden induced
subgraphs of bounded clique-width and linear clique-width. We consider clique-width and linear
clique-width separately.

We begin with clique-width. For k,%’,[ integers with & > 3, k' > 1, k > k' and | > 0, the
graphs S,j are defined in Section 5 and the graphs Mj, ;s ; are defined in Section 6. Let k be an
integer with k£ > 0. A k-path power on k(k + 1) + 2 vertices is denoted by Zj. The clique-width
of such path powers was completely determined in [14]. The graph So is the left-side graph of
Figure 20.

Proposition 7.1. Let k, k', be integers with k >0, k¥’ > 1 and | > 0.
1) ewd(Z) > k+2 [14]
2) cwd(S2) >4, and ewd(S}") >k +2 for k >3
3) ewd(My 1) > k+2 for k > 5 and where k' satisfies k > k' and k' + L%J > k4 1.

Proof. The result of the first statement is proved in [14], the result of the third statement is
proved in the second statement of Proposition 6.7, and Proposition 5.17 proves cwd(S;") > k+2
for k > 3 of the second statement. It remains to show cwd(Sz2) > 4.

For the used names of the vertices of Sy, we refer to Figure 20. Let F' be a subgraph of Sy,
and let X be a set of vertices of F. For A a supergroup partition for F, we say that X is a
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Figure 20: Depicted are the graphs S5 to the left and M; and M, to the right, which are
forbidden induced subgraphs for graphs of linear clique-width at most 3. Note that M; has ee’
as an edge and M, does not have ee’ as an edge.

witness set for A if the vertices from X are in pairwise different supergroups from A, and we
say that X is a witness set for F'if X is a witness set for every compatible supergroup partition
for F'. A witness set shows a lower bound on the size of supergroup partitions.

Let T" be a t-supergroup tree for S5. We show ¢ > 4 by identifying witness sets of size 4. We
focus on the closed neighbourhood of z. Let N, be short for the closed neighbourhood of z in Sy,
i.e., N, = Ng,[2] = {c,d,e, f,z}. Let a be an inner node of T" with b and c its children in 7', and
let B =gof X7(b) and C =g X7(c) and H =qe¢ S2[B] @ S2[C]. Assume that 1 < |BNN,| <2
and 1 <|CNN;| <2and 3 <|(BUC)NN,| <4. We consider three particular situations.

Situation 1: |BUC| >4 and no supergroup of H contains two vertices from N,

Observe that (B U C) N N, is a witness set for H already by the assumption. If BUC C N,
then B U C is a witness set of size 4 for H. Otherwise, (B U C) N {a,b,g,h} # 0. Let = be
a vertex of H with = € {a,b,g,h}. If {z,y} for some y € N, is a supergroup of H: either
y € Band |[BNN,|>3,oryeC and |CNN,| >3, both cases yielding a contradiction. Thus,
(BUC)N (N, U{z}) is a witness set for H. o

Situation 2: H has a supergroup with two vertices from N,

Let {u,v} with u,v € N, be a supergroup of H. We may assume u € B. If v € B then
{u,v} = BN N, and u or v has a non-visible neighbour from N, that s-distinguishes v and v
in H, a contradiction, so that v € C' must hold. Note that u and v are non-adjacent in S5, so
that {u,v} = {c,e} or {u,v} ={d, f} or {u,v} = {c, f}. By symmetry arguments, it suffices to
consider {u,v} = {c,e} and {u,v} = {c, f}, and we can assume u = c.

Consider this special case: {b,c,d} C B and {e, f} C C. Then, z ¢ BUC, and z and e
s-distinguish b, ¢, d from each other in H. Thus, for every compatible supergroup partition A
for H, {b,c,d,e} or {b,c,d, f} is a witness set for A. If {c, f} is a supergroup of H, which
means {b,c,d} C B and {e, f,g} C C, or if {c, e} is a supergroup of H and d € B, which means
{b,c} C B and {e, f} C C, then the special case occurs.

To complete the proof of the situation, assume that {c, e} is a supergroup of H and d ¢ B.
Observe that b € B and f € C, so that CN N, = {e, f}. If z € B then {b,c, f, z} is a witness
set for H. Otherwise, d,z ¢ BU C. Let d’ be the inner node of T with o’ and ¢ its children
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in T such that BUC C Xp(V) and Ep(b) N {d,z} = 0 and X¢p() N {d,z} # 0. Note that
b,c, f appear in pairwise different maximal groups of Se[{a,b,c,e, f,g,h}]. So: if z € Lp(c)
then {b, ¢, f,z} is a witness set and if z & () and d € () then {b,c,d, f} is a witness set
for Sy [ZT(Q/)] D SQ[ET(Q/)] O

Situation 3: |BUC| =3

Observe that the assumptions about B and C directly imply B U C C N,. Let d’ be the
inner node of T with b’ and ¢ its children in T, where B’ =4t Y7 (b) and C" =4t X7(¢/) and
H' =4et S2[B'] @ S2[C'], such that BUC C B’ C BUC U{a,h} and C’ € {a,h}. Observe that
@' indeed exists and B U C is a witness set for H'. If z € ¢’ then BUC U {z} is a witness set
for H', since z is a non-visible neighbour of each vertex from BU C. If e € C' and {e,u} for
some u € BUC is a supergroup of H' then u = ¢, but b € B’ s-distinguishes ¢ and e in H’, and
BUC U{e} is a witness set for H'; analogously for the case of d € C’.

Assume that d,e,z & C'. If f € C' and {f,u} for some v € B U C is a supergroup
of H' then e and z are non-visible neighbours of f in H' and v = d must hold, and thus,
{¢,d} C BUC C{c¢,d,e,z} and g € C', and BUC U {g} is a witness set for H'. Recall here
that e ¢ BUC or z ¢ BUC. The case of ¢ € C' analogously follows by symmetry.

Assume that ¢,d, e, f,z ¢ C'. Thus, C' C {a,b,g,h} and C'N{b,g} # 0. If b € C" and {b, u}
for some v € BUC is a supergroup of H’' then ¢ is a non-visible neighbour of b in H’, and v = d
follows, so that BUC = {d,e,z} and a € C’', and {a,d, e, z} is a witness set for H'; analogously
for the case of g € C'. 0

It remains to see that g with the required properties indeed exists, by descending from the
root node of T', and if Situation 2 does not occur then Situation 1 or Situation 3 occurs. We
conclude ¢ > 4, and thus, cwd(S2) > 4. =

We continue with linear clique-width. The graphs Z, are the k-path powers on k(k+ 1) 4 2
vertices, the graphs S are defined in Section 5 and Figure 20, and the graphs Mj, ; ; are defined
in Section 6. The graphs M2+ and M, are shown as the right-side graph of Figure 20, where
the dotted edge ee’ is an edge of M2+ and is no edge of M, . If we do not properly distinguish
between M; and M, , we simply write M2jE

Proposition 7.2. Let k and [ be integers with k > 0 and | > 0.
1) lewd(Zy) > k+2 [14]
2) lewd(Sk) > k+2 for k > 2
3) lewd(M5) > 4 and lewd(My, 1) > k +2 for k > 3.

Proof. The result of the first statement is proved in [14], the result of the second statement
for k > 3 is proved in Proposition 5.17 and lewd(S2) > 4 is proved in the second statement of
Proposition 7.1, and the first statement of Proposition 6.7 proves lewd(My, 1) > k+2 for k > 4.
It remains to show lcwd(Mgc) > 4 and lewd(Ms1;) > 5, by identifying appropriate witness sets
(for the definitions, we refer to the beginning of the proof of Proposition 7.1).
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Proof of lewd (M) > 4

Let G =gef M;E For the names of the vertices of G, we refer to Figure 20. Let T be a t-
supergroup caterpillar tree for G. By a symmetry argument, we can assume that 7" has an
inner node @ with b and ¢ its children in T, where B =4 X7 (b) and Yp(c) = {z}, such
that |[B N{e,d,b,c,d e’} > 2 and |BN{a,b,c,d}| =1 and z € {a,b,c,d}. Observe that
|INa(z) N{a,b,c,d,e}| > 2. Let H =q¢¢ G[B] ® G[{x}].

Assume that {z,u} for u € B is a supergroup of H. Since x has at least two non-visible
neighbours from {a,b,c,d,e} in H, it directly follows that {z,u} C {a,b,c,d, e} must hold.
Note here that {u} = B N{a,b,c,d,e}. Since x and v must be non-adjacent in G, only three
situations about {u,x} must be considered: (1) {z,u} = {a,e} is not possible, since b or d
s-distinguishes a and e, and (2) {z,u} = {b,e} is not possible, since a s-distinguishes b and e.
Thus, {z,u} = {a,d} is the only possible situation. If z = d then e s-distinguishes = and u in
H, so that x = a and v = d must hold, and e € B, and b,c € B. Let d’ be the inner node
of T with ¥ and ¢ its children in 7" such that BU {z} C Xp(b) and X7 () N {b,c} = 0 and
Yr(d) C {b,c}. Let y be an arbitrary vertex from X (b') N{a’,¥',,d’',e’}. Observe that a,e,y
are s-distinguished from each other by b and ¢ in G[X7(Y')], so that a,e,y appear in pairwise
different maximal groups of G[Xr(V/)]. If Xp(d) = {c} then {a,c,e,y} is a witness set for
GXr)] @ G[{c}], and if X7 (') = {b} then {a,b,e,y} is a witness set for G[Xr(b)] & G[{b}].
Thus, t > 4.

As the other case, assume that there is no vertex w € B such that {x,u} is a supergroup
of H. If G[B] has at least three maximal groups then every supergroup partition for H has
size at least 4. If G[B] has at most two maximal groups then this is only possible as follows:
G =M, and {d,V,d,d €'} C B. We ascend in T from a toward the root of T'. Let u,v,w be a
vertex triple from {a, b, c,d, e}, let B’ =get {u,v,a’, 0, ,d', €'}, and let H' =4¢¢ G[B'] & G[{w}].
Observe that the parent node of a in T defines such a situation. We show that H’ has a witness
set of size 4 or u, v, w is a very special vertex triple. Observe about H’ that each of u, v, w has a
non-visible neighbour and {u,v} is not a supergroup of H'. It follows that {u,v,a’} is a witness
set for H' and {w,a’} is not a supergroup of H'. Tt therefore suffices to show that {u,v,w} is
a witness set for H', since this implies that also {u,v,w,a’} is a witness set for H'. Tt is easy
to verify that the following three graphs have exactly three maximal groups with respect to G:
Gl{a,b,c}], G[{b,c,d}],G[{a,c,e}], so that {u,v, w} is a witness set for H' in particular. In case
of {u,v,w} = {a,b,d} and {u,v,w} = {a,c,d}, G[{u,v,w}] is an induced path of length 2 and e
s-distinguishes a and d, and {u, v, w} is a witness set for H', independent of the actual choice of w.
As the final case, consider {u, v, w} = {a,b,e}. This case is special, since {a, b, e} is not a witness
set for H'. We ascend further in T and consider H” =g¢¢ G[{a,b,e} U{d,... €'} & Gl{z}],
where x € {c,d}. If z = ¢ then {a,b,c,a’} is a witness set for H”, and if # = d then {a,b,d,a’}
is a witness set for H”.

We conclude t > 4. o

Proof of lewd(Ms3.1;1) > 5

Let G =get M3,1,;. For the names of the vertices and induced subgraphs of G, we refer to the
beginning of Section 6: G is composed of F3 and Fj and the connecting vertices wy, ..., w;. Let
T be a t-supergroup caterpillar tree for G. Let a be a two maximal clique split node of T' with
b and ¢ its children in 7. By a symmetry argument, we can assume that Yp(c) = {z} for some
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vertex = of F3. Let B =gt Y (b), and let H =q4¢¢ G[B] ® G[{z}]. Let p be the smallest index
with 1 < p < 9 such that v, € B. Since B has a full maximal clique of F3, p < 6, and v}, has
no (non-visible) neighbour from {vy,...,v9} in H. We show that H has a witness set of size at
least 5.

Suppose for a contradiction that {z,u} for u € B is a supergroup of H. Then, all (non-
visible) neighbours of = are neighbours of v in G, i.e., Ng(x) C Ng(u). This is only possible
if © = v; and u = v, and then, {vs, v, v7, v} is a full maximal clique of F3 in B, the claimed
contradiction. Thus, no supergroup of H contains x and a vertex from B. We show that B
contains a witness set of size 4. We distinguish between two cases.

Assume that B has an empty maximal clique {vg, ..., va4+3} of F3. Recall that B U {z} has
a full maximal clique of F3. It follows that |[B N {v1,...,v4—1}| > 3 or |B N {vgta,...,v9}| > 3.
Let ® and ®' be the sets of the respectively close left and close right vertices of vg, ..., v413 in
BNV(F3). Due to Lemma 6.4, ® and &’ are witness sets for H, and since B has no full maximal
clique of Fj, each vertex from ® U @' has a non-visible neighbour from V(F3) in H, so that in
fact ® U {v,} and ®' U {v,} are witness sets for H. It follows that ® U {v;, x} and ®' U {v},, '}
are witness sets for H, and one of the two sets is of size at least 5.

Assume that B has no empty maximal clique of F3. Let ¥ be the set of the top vertices
of K1, Ky, K3 in B. Note that B N K; and B N Ky are non-empty, so that 2 < |¥| < 3, and
each vertex in ¥ has a non-visible neighbour from V(F3). Thus, due to Lemma 6.2 and the
above, W U {v,,x} is a witness set for H. Note here that the result of Lemma 6.2 is indeed
applicable, since the proof does not require k& > 4 and is valid also for £k = 3. If || = 3 then
| WU {vy,2}| =5, and WU {v,, v} is a witness set of size 5 for H. If |¥| = 2 then vg ¢ B, and H
has a vertex y such that W U {y, vy, z} is a witness set of size 5 for H: if B N {wy,...,w} # 0
then we choose y = w; for w; € B of smallest index, and if BN {wy,...,w;} =0 then we choose
y = v for v} € B of largest index. Thus, t > 5. o

7.2 Characterisation and computation

We show that open k-models, short-end k-models and k-models with small separators exactly
capture the full bubble model graphs of clique-width at most £ + 1. We also show that open
k-models and short-end k-models exactly capture the full bubble model graphs of linear clique-
width at most k& + 1. We show these results by proving that a full bubble model graph is an
induced subgraph of a graph with a specified bubble model or contains one of the special graphs
of large (linear) clique-width as an induced subgraph.

Let B = (b j)1<j<s1<i<r; and B’ = <b§,j>1§j§s’,1gi§r9 be full bubble models. We say that B’
is embeddable into B if there is an integer p with 0 < p < s — s’ such that ) < r;4, for every
1 < j <. We can understand p as a column-index offset, and we can understand the defined
embeddability notion is a special induced subgraph notion, since B is a full bubble model.

The goal is to embed bubble models into one of the three special classes of full bubble
models, and the main property is the depth of columns. Let k& be an integer with k£ > 3. Let
B = (bij)1<j<s1<i<r; be a full bubble model. Let p,q be column indices with 1 < p < g < s.
We call [p, ¢, or Blp,q], a deep pseudo-rectangle if rp, ... ,rq >k, and either p =1 or rp_1 < k,
and either ¢ = s or 7411 < k. The size of [p, q] = B[p,q] is ¢ — p+ 1. Observe that deep pseudo-
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rectangles are the deep analogue of shallow pseudo-rectangles that were used in the proof of
Lemma 4.6.

Lemma 7.3. Let k be an integer with k > 3. Let G be a connected full bubble model graph and
let B be a full bubble model for G. If B is not embeddable into an open k-model or a short-end
k-model then G contains Zj, or Sy or My 1, for somel > 0 as an induced subgraph.

Proof. Let B = (b;j)1<j<s1<i<r;- If B has no deep pseudo-rectangles then r; < k for every
1 < j <s, and B is clearly embeddable into an open k-model. As the other case, assume that
B has deep pseudo-rectangles. If every deep pseudo-rectangle of B has size at most & — 2 then
B is embeddable into an open k-model. Otherwise, B has a deep pseudo-rectangle of size at
least k — 1. For the following arguments, recall that the connectedness of G and the result of
Lemma 3.2 implies 7; > 2 for every 1 < j < s—1. Assume that [p, ¢ is a deep pseudo-rectangle
of B of size at least k — 1:

e assume thatp > 2 and ¢ < s—3
G contains Sy as an induced subgraph, induced by

{brp-1b2p 1} U | {brg s Drgrgt U {bipiho1, bopsh—1,b1prks b2pik} s
p<j<p+k—2

recall here that p +k < ¢+ 2 < s — 1, and thus, 7,44 > 2, and the listed vertices indeed
exist

e assume that [p,q| has size at least k and one of the following applies:
(1) [p,q] has size at least k+ 1, or (2) g<s—2, 0r (3)g=s—1andrs > 2
G contains Z as an induced subgraph, induced by

U b brag} U {bipsns boprn} -
p<j<prh-1

So, if G contains Zj or Si as an induced subgraph then the claim of the lemma trivially holds.
We henceforth assume that G' does not contain Zj and Si as an induced subgraph. Then, the
following is the case for each deep pseudo-rectangle [p, ¢] of B:

e if [p,q] is of size k — 1:
(I)p=lor(2)p>2andg>s—2andif¢g=s—2thenry,=1

o if [p,q] is of size at least k:
[p, ] has size exactly k and ¢ > s — 1 and if ¢ = s — 1 then r; = 1.

We distinguish between the two situations about whether B has a deep pseudo-rectangle of size
at least k.

As the first situation, assume that B has a deep pseudo-rectangle [p, ] of size k. Note that
q > s — 1, and thus, [p, ¢ is the unique deep pseudo-rectangle of B of size k. If B has no deep
pseudo-rectangle of size k — 1 then B is embeddable into an open k-model. Otherwise, B has a
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deep pseudo-rectangle [p', ¢'] of size k — 1. Note that ¢ < p — 2 must hold, since p’ > ¢ + 2 is
not possible. Then, G contains M}, 1; as an induced subgraph, that is induced by

U b Nt U bty U [ {01y begayt U {big}

p'<j<q q'<j<p p<j<q

It is to note that Fj of My, 1, also requires by 441 and by 441, and the value of [ is 2(p — q —2).

As the second situation, assume that B has no deep pseudo-rectangle of size k. Let p be
smallest possible with 1 < p < s such that [p, q| is a deep pseudo-rectangle of B of size k — 1.
Recall from the beginning that B has a deep pseudo-rectangle of size k — 1, so that p indeed
exists. According to the above: (1)p=1or (2)g=s—2andrs=1o0r(3)g>s—1. Ifg>s—2
then all other deep pseudo-rectangles of B have size at most k — 2. It follows for ¢ > s — 2 that
B is embeddable into an open k-model. As the other case, assume p = 1. If all other deep
pseudo-rectangles of B have size at most k — 2 then B is embeddable into a short-end k-model.
Otherwise, there is a smallest p’ with ¢+2 < p’ < s such that [p/, ¢] is a deep pseudo-rectangle of
size k—1. If ¢ < s then G contains My, 1 ; as an induced subgraph, analogous to the construction
of the preceding paragraph. If ¢ = s then all deep pseudo-rectangles different from [p, q] and
[p', ¢'] have size at most k — 2, and B is embeddable into a short-end k-model. =

Lemma 7.4. Let k be an integer with k > 3. Let G be a connected full bubble model graph
and let B be a full bubble model for G. If B is not embeddable into an open k-model or a short-
end k-model or a k-model with small separators then G contains Zy, or S,j or My, for some

integers k' and | with k >k > 1 and k' + L%/j >k+1andl >0 as an induced subgraph.

Proof. The proof is similar to the proof of Lemma 7.3, and we can therefore refer to the
constructions there. Let B = (b;;)1<j<s1<i<r;- If B has no deep pseudo-rectangle of size at
least kK — 1 then B is embeddable into an open k-model, and if G does not contain Z; as an
induced subgraph then for every deep pseudo-rectangle [p, q] of B of size at least k: [p,¢] has
size exactly k and (1) ¢ = s or (2) ¢ = s — 1 and ry = 1. Assume that B has a deep pseudo-
rectangle [p, q] of size k — 1, and assume p > 2 and (1) ¢ < s—3or (2) ¢=s—2 and ry > 2.
Recall that r,_1 > 2 and 7441 > 2 and rg42 > 2. If r,_1 = k or if 7441 > 3 then G contains S,j
as an induced subgraph, more precisely, G contains one of the two graphs represented by S,:r as
an induced subgraph.

We henceforth assume that G does not contain Z; and S,j as an induced subgraph. Then,
for every deep pseudo-rectangle [p, q] of size k — 1, one of the following applies: (1) p =1, or (2)
p>2andg>s—1,or(3)p>2andg=s—2andrs =1,0r (4) p>2and ¢ < s—2 and
rp—1 < k —1 and rgy1 = 2. The following cases are easy.

o [1,k — 1] is not a deep pseudo-rectangle
B is embeddable into a k-model with small separators.
In order to formally satisfy the definition of k-models with small separators, we would embed into
a bubble model whose second rectangle is of depth 2.

o [1,k — 1] is the only deep pseudo-rectangle of size at least k — 1
B is embeddable into a short-end k-model.
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o [1,k—1] and [s — k + 2, s] are the only deep pseudo-rectangles of size at least k — 1
B is embeddable into a short-end k-model.

Finally, assume that [1,k — 1] is a deep pseudo-rectangle and there is a smallest p’ with k + 1 <
p < s —k+ 1 such that [p/,¢'] is a deep pseudo-rectangle of size at least k — 1. Note that
[P/, q'] has size at least k or it has size exactly k — 1 and ¢’ < s. Let k' be the largest integer
such that r; > k' + 1 for every k < j < p/. Recall that k£ > k' +1 > 2: by the definition
of deep pseudo-rectangles, r, < k, and therefore, ¥’ +1 < k, and k' + 1 > 2 follows from the
connectedness of G and Lemma 3.2. Then, G contains My, ;; as an induced subgraph, induced
by

U {bl,ja--~7bk+1,j}\{b1,1a---abk’,l} U U {bl,jv"'abk‘/+1,j}

1<j<k—-1 k<j<p’

U U b bkt U {brpsaa)
p'<j<p'+k-2

If k' +| & | < k then B is embeddable into a k-model with small separators, and if &'+ % | > k+1
then k' satisfies the requested conditions. =

We obtain the final characterisation results about the clique-width of full bubble model
graphs. We give the two results separately.

Theorem 7.5. Let k be an integer with k > 3. Let G be a connected full bubble model graph
and let B be a full bubble model for G.

1) ewd(G) < k+1 if and only if B is embeddable into an open k-model or a short-end k-model
or a k-model with small separators.

2) lewd(G) < k+ 1 if and only if B is embeddable into an open k-model or a short-end
k-model.

Proof. The two results follow from Corollary 4.8, and Lemmas 7.3 and 7.4 and Propositions 7.1
and 7.2. =

Theorem 7.6. Let G be a connected full bubble model graph.

1) ewd(G) <1 if and only if G does not contain Zy as an induced subgraph.
cwd(G) < 2 if and only if G does not contain Z1 as an induced subgraph.
cwd(G) < 3 if and only if G does not contain Zs and Se as an induced subgraph.

lewd(G) < 3 if and only if G does not contain Zs and Sy and MSE as an induced subgraph.
2) For k > 3:

cwd(G) < k+1 if and only if G does not contain Zy, and Slj and My, j; where k > k' > 1
and k' + L%/J >k+1andl >0 as an induced subgraph.

3) For k > 3:
lewd(G) < k+ 1 if and only if G does not contain Zy, and Sy and My 1, for 1 > 0 as an
induced subgraph.
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Figure 21: A full bubble model graph of linear clique-width at most 3: the graph to the left,
and a full bubble model to the right. The shaded areas indicate cliques.

Proof. It is clear from the definition of clique-width that cwd(G) < 1 if and only if G has
no edge, which is equivalent to G not containing Zj as an induced subgraph. It is analogously
known that cwd(G) < 2 if and only if G does not contain P; as an induced subgraph [5], and
Z is isomorphic to Py. The case of cwd(G) < k + 1 and the case of lewd(G) < k+ 1 for k > 3
is due to Propositions 7.1 and 7.2 and Lemmas 7.3 and 7.4 and Theorem 7.5.

We prove the remaining two cases, namely about cwd(G) < 3 and lewd(G) < 3. Let
B = (b; j)1<j<s,1<i<r; be a full bubble model for G. If there is a column index p with 2 < p < s—2
such that 7,1 > 2 and 7, > 3 and 7p41 > 2 and rp42 > 2 then G contains S as an induced
subgraph. Analogously, if there is p with 1 < p < s — 2 such that r, > 3 and 7p41 > 3 and
rp+2 > 2 then G contains Z3 as an induced subgraph. So, if G does not contain Z3 and S as
an induced subgraph then r; < 2 for every 2 < j < s —3 and if r,_3 > 3 then r, = 1. Observe
that G must be almost like an induced path, informally spoken. By splitting G' at by 3, it is not
difficult to see that cwd(G) < 3 holds.

We consider the linear clique-width of G. If r; = 2 then G is an induced subgraph of a
graph with a full bubble model as depicted in Figure 21, and lewd(G) < 3. Otherwise, r; > 3. If
re_g > 3orifre_1 > 3 and ry > 2 then G contains M2i as an induced subgraph, and lewd(G) > 4
due to the third statement of Proposition 7.2. If r,_o = r;_1 = 2 then G is an induced subgraph
of a graph as represented in Figure 21, and lewd(G) < 3. =

We conclude with a consequence of the main characterisation results.

Theorem 7.7. The cliqgue-width and the linear clique-width of connected full bubble model graphs
without true twins can be computed in linear time.

Proof. The clique-width and linear clique-width of connected full bubble model graphs without
true twins of clique-width at most 3 can be computed in linear time (Theorem 7.6 and its proof).
Recall that such graphs of clique-width at most 2 are induced subgraphs of stars and such graphs
of clique-width at most 3 are obtained from induced paths by adding vertices to the beginning
and the end of the path.

We consider graphs of larger clique-width, and we will apply the characterisation of Theo-
rem 7.5. Recall from Section 3 that full bubble model graphs can be recognised in linear time and
a full bubble model for full bubble model graphs can be computed in linear time [15]. According
to Theorem 7.5, it suffices to decide whether the computed full bubble model is embeddable
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into one of the two or three special models. The proofs of Lemmas 7.3 and 7.4 describe easy
such algorithms, when k is given: it mainly suffices to determine the deep pseudo-rectangles.
It is to note here that no particular bubble model for the input graph is required but any full
bubble model will do. So, if a good “approximation” on the clique-width can be computed in
O(n) time, we obtain the desired linear-time algorithm by trying the few possible values in the
approximation range.

We compute a good approximation on the clique-width and linear clique-width of the input
graph G. Let B = (b; j)1<j<s,1<i<r;, be the computed full bubble model for G. We determine
the smallest integer ¢ such that B has no deep pseudo-rectangle of size at least ¢ 4 1, relative to
t. That means more precisely: B has no t + 1 consecutive columns of depth at least ¢ + 1. The
choice of ¢ implies that B is embeddable into an open (¢ + 2)-model and B is not embeddable
into a (¢t — 1)-model. Thus, ¢t < cwd(G) < lewd(G) < t + 3 due to Theorem 7.5.

We compute t by applying a sweep algorithm, that scans the column depths from right to
left, i.e., the sequence (rq,...,7s). We give an informal description of the algorithm. Assume
the algorithm has already processed a right subsequence (rq,...,7s): with the current value of
t, t is the smallest integer such that (rg,...,rs) has no ¢ + 1 consecutive numbers larger than ¢.
The algorithm continues with r,_; and decides upon the following cases:

e if r,_; <t then ¢ satisfies the condition also for the right subsequence (ry_1,...,rs)

o if r,_1 >t +1and r; <t for some index ¢ with ¢ <4 < ¢+t — 1 then also in this case, t
satisfies the condition for the right subsequence (ry_1,...,7s)

o ifry_1,7¢,...,7g4¢—1 > t+1 then B has t + 1 consecutive columns of depth at least ¢ + 1,
and we increase the value of ¢ by 1, and the new value of ¢ satisfies the condition for the
right subsequence (rg_1,...,rs).

To make this algorithm run in linear time, it suffices to decide the applying case in constant
time, and it suffices to decide the existence of an index ¢ with ¢ <7 < ¢+t — 1 such that r; < t.
We keep and update a table storing for each column depth d with ¢t < d the smallest index j
with ¢ < j < s such that r; = d and the smallest index j" with rj < ¢, if such indices exist.
Using this table, the case distinction is constant-time decidable, and this table can be updated
in constant time. Note that the update in case of incrementing the value of ¢ means to take the
minimum table entry for ¢t and ¢t + 1. =

We conclude this section with the announced consideration about true twins and linear clique-
width. Recall from Section 3 that true twins may increase the linear clique-width of graphs.
The situations when this is the case and when this is not the case are not easy to describe.
An example of a comprehensive such study is about induced paths [13], that illustrates the
complexity already for easy-structured graphs. We do not aim at studying such questions for
full bubble model graphs. However, we do want to mention that our results already provide the
description of some cases for which adding true twins is possible without increasing the linear
clique-width. This is particularly the case for the lower-part vertices of deep rectangles. This
can be seen by reconsidering the constructions for deep rectangles of Section 4.
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8 Conclusions

We characterised the full bubble model graphs of bounded clique-width completely, by forbidden
induced subgraphs and by an embedding notion into graphs. As a corollary, we obtained an easy
linear-time algorithm for computing the clique-width of full bubble model graphs. We proved
analogous results about the linear clique-width of connected full bubble model graphs without
true twins. Full bubble model graphs are the first large graph class for which such results are
known, since the previously known related results are for square grids [10] and path powers [14]
only. We believe that our results provide a deeper understanding of the structure of graphs
of bounded clique-width, and therefore of clique-width itself. We also believe that our results,
the lower-bound proofs in particular, present interesting and useful techniques for proving lower
clique-width bounds for other graphs.

A major contribution of our paper are the lower-bound results of Sections 5 and 6. They
are summarised and completed in Propositions 7.1 and 7.2. The result of Theorem 7.6 shows
that the lower bounds are optimal in the context of full bubble model graphs. However, our
forbidden induced subgraphs may contain proper induced subgraphs of the same clique-width or
linear clique-width, so that Z;, Sy, S,j, Mj, i, may not be minimal forbidden induced subgraphs
for graphs of clique-width or linear clique-width at most k£ 4+ 1. We discuss this minimality
question in an appendix note [19], where we show that each proper induced subgraph of Zj and
Sy and My, 1 ; has linear clique-width at most £+ 1 and each proper induced subgraph of Z; and
S,j has clique-width at most k& + 1. So, Z; and S,j, for example, are in fact minimal forbidden
induced subgraphs for graphs of clique-width at most k + 1.

Finally, we want to repeat that the linear clique-width of connected full bubble model graphs
without true twins can be larger than their clique-width. According to Theorem 7.5, the two
parameters differ on graphs with k-models with small separators. Is it possible that clique-width
and linear clique-width differ arbitrarily? In fact, this is not the case, since every k-model with
small separators is embeddable into an open (k+1)-model. It follows that the linear clique-width
of full bubble model graphs is equal to their clique-width up to a small additive constant. The
construction of our clique-width expressions also shows that the optimal clique-width expressions
for full bubble model graphs are easy: they are either linear expressions or their implicit tree
structure has very small pathwidth. It turns out that each full bubble model graph has an
optimal clique-width expression whose implicit tree structure has pathwidth at most 2. We keep
these observations on this informal and intuitive level, but we hope that these observations can
be helpful in the future and stimulate future research.
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