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We formulate and analyze a mathematical framework for continuous-time mean field games
with finitely many states and common noise, including a rigorous probabilistic construction
of the state process. The key insight is that we can circumvent the master equation and
reduce the mean field equilibrium to a system of forward-backward systems of (random)
ordinary differential equations by conditioning on common noise events. In the absence
of common noise, our setup reduces to that of Gomes, Mohr and Souza [GMS13] and
Cecchin and Fischer [CF20].
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1 Introduction

Since the seminal contributions of Lasry and Lions [LL0O7] and Huang, Malhamé and Caines [HMCO06],
mean field games have become an active field of mathematical research with a wide range of applications,
including economics ([CFS15], [CDL17], [KM17], [Nut18], [EIL20], [GS20]), sociology ([GVW14]), finance
([LLLL16], [CJ19]), epidemiology (|[LT15], [DGG17], [EHT20]) and computer science ([KB16]); see also
the overview article [GLL11] and the monograph [CD18a].

Mean field games constitute a class of dynamic, multi-player stochastic differential games with identical
agents. The key characteristic of the mean field approach is that (i) the payoff and state dynamics of
each agent depend on other agents’ decisions only through an aggregate statistic (typically, the aggregate
distribution of states); and (ii) no individual agent’s actions can change the aggregate outcome. Thus, in
solving an individual agent’s optimization problem, the feedback effect of his own actions on the aggregate
outcome can be discarded, breaking the notorious vicious circle (“the optimal strategy depends on the
aggregate outcome, which depends on the strategy, which depends ...”). This significantly facilitates
the identification of rational expectations equlibria. A standard assumption that further simplifies the
analysis is that randomness is idiosyncratic (equivalently, there is no common noise), i.e. that the random
variables appearing in one agent’s optimization are independent of those in any other’s. As a result, all
randomness is “averaged out” in the aggregation of individual decisions, and the equilibrium dynamics of
the aggregate distribution are deterministic.

In the literature, mean field games are most often studied in settings with a continuous state space
and deterministic or diffusive dynamics, i.e. stochastic differential equations (SDEs) driven by Brownian
motion. The corresponding dynamic programming equations thus become parabolic partial differential

equations, and the aggregate dynamics are represented by a flow of Borel probability measures; see,
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e.g., the monographs [BFY13] and [CD18a] and the references therein. Formally, the mean field game is
typically formulated in terms of a controlled McKean-Vlasov SDE, where the coefficients depend on the
current state and control and the distribution of the solution; intuitively, these McKean-Vlasov dynamics
codify the dynamics that pertain to a representative agent. The mathematical link to N-player games
is subsequently made through suitable propagation of chaos results in the mean field limit N — oo; see,
e.g., [Laclb], [Fisl7|, [CF18], [Lac18], [DLR19]. In this context, the analysis of McKean-Vlasov SDEs
has also seen significant progress recently; see, e.g., [CD13], [BP19], [CP19b], [MP19]. In the presence of
common noise, i.e. sources of risk that affect all agents and do not average out in the mean field limit,
the mathematical analysis becomes even more involved as the dynamics of the aggregate distribution
become stochastic, leading to conditional McKean-Vlasov dynamics; see, e.g., [Ahul6|, [CDL16], [CW17]
and [PW17]. We refer to [CD18b] for background and further references on continuous-state mean field
games with common noise.

There is also a strand of literature on mean field games with finite state spaces, including [GMS10],
[GMS13], [Guél5], [BC18], [CP19al, [DGG19], [CF20], [Neu20] as well as [CD18a, §7.2]. In a recent
article, [CW18] provide an extension of [GMS13| to mean field interactions that occur not only through
the agents’ states, but also through their controls. To the best of our knowledge, however, to date there

has been no extension of these results to settings that include common noise.!

In this article, we set up a mathematical framework for finite-state mean field games with common noise.?
Our setup extends that of [GMS13] and [CF20] by common noise events at fixed points in time. We provide
a rigorous formulation of the underlying stochastic dynamics, and we establish a verification theorem for
the optimal strategy and an aggregation theorem to determine the resulting aggregate distribution. This
leads to a characterization of the mean field equilibrium in terms of a system of (random) forward-backward
differential equations. The key insight is that, after conditioning on common noise configurations, we
obtain classical piecewise dynamics subject to jump conditions at common noise times.

The remainder of this article is organized as follows: In Section 2 we set up the mathematical model,
provide a probabilistic construction of the state dynamics, and formulate the agent’s optimization problem.
In Section 3 we state the dynamic programming equation and establish a verification theorem for the
agent’s optimization, given an ex ante aggregate distribution (Theorem 7). Section 4 provides the dynamics
of the ex post distribution (Theorem 10) and, on that basis, a system of random forward-backward ODEs
for the mean field equilibrium (Definition 11) as well as a corresponding existence result (Theorem 12). In
Section 5 we showcase our results in two benchmark applications: agricultural production and infection

control. Appendix A contains auxiliary results and the proof of Theorem 12.

2 Mean Field Model

We first provide an informal description of the individual agents’ state dynamics, optimization problem,
and the resulting mean field equilibrium. The agent’s state process X = {X;} takes values in the finite set
S. Between common noise events, transitions from state 4 to state j occur with intensity Q¥ (t, Wy, My, 1),
where W, represents the common noise events that have occurred up to time ¢; M; the time-t aggregate
distribution of agents; and v; the agent’s control. In addition, upon the realization of a common noise
event Wy, at time T}, the state jumps from X, to Xy, = JXTu— (Ty, Wy, , My, ). With this, the agent

aims to maximize

T
EY [/ X (8, Wy, My, v)dt + WXT(WT,MT)}
0

!In the context of finite-state mean field games, we are only aware of two contributions that include common noise (both
via the master equation and with a different focus/setting): [BLL19| formulate the master equation for finite-state mean
field games with common noise, and [BCCD19| add a common Gaussian noise to the aggregate distribution dynamics.

2We wish to point out that our focus is not on the mean field limit of multi-player games; rather, we directly investigate
the mean field equilibrium via the corresponding McKean-Vlasov dynamics (see also Remark 8 and [CDL13] in that context).



where 1 and U are suitable reward functions and the aggregate distribution process M = {M;} is given by
My & u(t,W) forte[0,T).

Here p represents the aggregate distribution of states as a function of the common noise factors. We
obtain a rational expectations equilibrium by determining p such that the representative agent’s ex ante

expectations equal the ex post aggregate distribution resulting from all agents’ optimal decisions, i.e.
PY(X, € - |W;) = fi(t,W;) forall t € [0,T],

where 7 and i denote the equilibrium strategy and the equilibrium aggregate distribution. In the remainder

of this section, we provide a rigorous mathematical formulation of this model.

2.1 Probabilistic Setting and Common Noise

Throughout, we fix a time horizon 7' > 0 and a finite set W and work on a probability space (2,2, P)
that carries a finite sequence W7y, ..., W, of i.i.d. random variables that are uniformly distributed® on W.
We refer to Wy, ..., W, as common noise factors and to P as the reference probability. The common noise

factor Wy, is revealed at time T}, where
02Ty<Ti<Toa<-<Tp<Tphy1 2T.
The piecewise constant filtration & = {&,} generated by common noise events is given by
& Lo(Wy:kelin], T <t)VN forte[0,T]
where 91 denotes the set of P-null sets. For each configuration of common noise factors w € W™ we write
wy 2 (wr,...,wy) for t € [Ty, Tet1), k€[0:n],

where for 0 < s <t < T we set [s,t) £ [s,t) if t < T and [s,T) £ [s, T]. With this convention, W = {W;}

represents a piecewise constant, &-adapted process.

Definition 1. A function f: [0,T] x W™ — R™ is non-anticipative if for all ¢ € [0, T]

flt,w) = f(t,w) whenever w,w € W" are such that w; = w,. ©

With a slight abuse of notation, if f: [0,7] x W™ — R™ is non-anticipative, we write
f(t,wy) 2 f(t,w) forwe W™, te0,T].

2.2 Optimization Problem

The agent’s state and action spaces are given by

S&£1:d] and U C R, where d,k € N and U # @,

3While the common noise factors are i.i.d. uniformly distributed under P, the distribution of W1,..., W, in the agent’s
optimization problem can be modeled arbitrarily via the functions k1, ..., Ky introduced below; see also Lemma 3.



and we identify the space of aggregate distributions on S with the space of probability vectors

M £ {m € [0, 00) % imi = 1}.

i=1

We further suppose that (,2[, P) supports, for each i,j € S, ¢ # j, a standard (i.e., unit intensity) Poisson

process N/ = {N/7} and an S-valued random variable X such that
Xo and N i j€eS, i#j and Wi, ..., Wy are independent.
The corresponding full filtration § = {§;} is given by
Fe 2 o(Xo, Wy, N7 s€[0,8]; i,j €S, i #4) VN fort e [0,T].

Note that &; C §; for all ¢+ € [0,7], that both & and § satisfy the usual conditions, and that N is a
standard (§,P)-Poisson process for i,j € S, i # j.

The agent’s optimization problem reads*
T
g [/ WX (t, Wy, My, vp)dt + \IIXT(WT,MT)} —; max! (P,)
0 ve

where the class of admissible strategies for (P,) is given by the set of closed-loop controls

A2 {v: [0,T] x STl W™ — U : v is Borel measurable and

v(-,z, -) is non-anticipative for all z € S[O’T]}.

Note that A subsumes the class of Markovian feedback controls considered in, e.g., [GMS13] or [Guél5],

and that each v € A canonically induces an §-adapted U-valued process via
v 2 v(t, X ap—, W) fortel[0,T).
The &-adapted, M-valued ez ante aggregate distribution M = {M,} is given by
M = u(t, W) fort € [0,T);

E¥[-] denotes the expectation operator with respect to the probability measure P given by (see Lemma 3)

v T
(f; - 11 <exp{/0 (1= QU(t, Wi, My, m))dt ) - T] Qij(t,wt,Mt,ut)>

i,j€s, (0,77,
1#] AN #£0
s (W T sx (Wl W, o, Wiy, Mg, ) (1)
k=1
and the agent’s state process X is given by
dXy = Y Igx,_—iy( —i)AN7  for t € [Ty, Thsr), k€ [0:nl, (2)
i,j€S,
i#j

4For notational simplicity, we write X; instead of Xy, M; instead of M;_, etc., where it does not make a difference.



subject to the jump conditions
X, = JX0 (T, Wr,, My, ) for k € [1: n). (3)
The coefficients in the state dynamics and payoff functional are bounded and Borel measurable functions

Q: [0,T] x W™ x M x U — [0, 00)%*? J: [0,T] x W x M — §¢
Y [0,T] x W" x M x U — R? T: W' x M — R?

such that Q( -, - ,m,u), ¥(-, -,m,u) and J( -, -, m) are non-anticipative for all fixed m € M and u € U;
@ satisfies the intensity matrix condition 3¢ Q¥ (t,w,m,u) =0, (t,w,m,u) € [0,T] x W* x M x U,
i € S; and for each k € [1 : n] the function

KL WFx M — [0, 1], (W, w1, ...y wi—1,m) = Kg(wg|w, ..., w1, m),

is Borel measurable and satisfies > kg (W |w, ..., wi—1,m) = 1for all wy, ..., wxg_1 € Wand m € M.

wreW
Finally, the function p is taken to be non-anticipative and regular in the following sense:

Definition 2. A function f : [0,T]xW" — R™ is regular if f(-,w) is absolutely continuous on [T, Ti+1)
for all k € [0: n]. o

Note that for f regular, the one-sided limits f(Ty—,w) = limyr, f(t, w) exist for all k € [1: n], w € W™,

In summary, in order to formulate a mean field model within the above setting, it suffices to specify
> the agent’s state space S, action space U and the common noise space W,

> the transition intensities Q (¢, w, m,u), transition kernels xx(wg|wy, ..., wr_1,m) and common noise

jumps J(t,w,m), and finally

> the reward functions (¢, w, m,u) and ¥(w, m).

2.3 State Dynamics

In what follows, we show that the preceding construction implies the dynamics described informally above.

Lemma 3 (PY-dynamics). For each admissible strategy v € A, PV is a well-defined probability measure

on (,20), absolutely continuous with respect to P, and satisfies
PY=P ono(Xo).
Moreover, N is a counting process with (§,P")-intensity X9 = {\7}, where
)\ij £ QU (t, Wy, My,vy)  fort € [0,T] andi,j €S, i# j.
Finally, for all k € [1 : n] we have
P”(Wk = wk\QiTk:_) = kg (we| Wi, ..., Wi_1,Mp,—)  for allwy,...,w € W
and, in particular,

P =P on &p for all admissible strategies vi,vs € A.



Proof. We fix v € A and split the proof into four steps.
Step 1: PV is well-defined by (1). Since N¥ is a standard Poisson process under P, the compensated
process Nj7 £ N9 — ¢ ¢ >0, is an (§,P)-martingale for all 4,j € S, i # j. We define §* = {0"} via®

t
92’ é Z / (Qij(s7WS7lu’(87WS)7VS) - ]‘)dNSU7 te [O’TL
ijes, 70
i#j

and observe that the Doléans-Dade exponential £[6"] is a local (§, P)-martingale with

t
eei=11 (exp{/ (1—Q“(S,WS,MS,WS),VS))ds}- 11 Q“’(s,Ws,u(s,WS),us)) (4)
i,j€ES, 0 s€(0,1],
i#£] AN £0

for ¢t € [0,T]. Next, we define ¢ = {9, } via

S (\W\-nk(Wk|W1,...,Wk_l,u(Tk—,WTk_))—1), te 0,7,

ke[l:n],
T <t

and note that ¥ is an (§, P)-martingale. Indeed, for each k € [0 : n] we have ¥, = O, for t € [T, Ti11)
and, using that Wj, is independent of §7,— and uniformly distributed on W under P, it follows that

E[01,|87,~] = 91— + E[|[W] - 51 (Wi Wy, ..., Wiey, p(Thio—, Wiy, —)) — 1F7,— ]

= ’19ka -1+ |W| . Z ]P)(Wk = wk|W1, RN kala,U(Tk*7 WTk,))
wp €W

X Rk (wk|W17 .. '7Wk—17u(Tk_a WTk-))

1
= 19ka — 14+ |W| . Z W . mk(wk|W1,. . -,Wk’fl,ﬂ(Tk—7WTk7)) = 19ka'
wreW

Hence the Doléans-Dade exponential £[Y] is a local (§,P)-martingale, and we have

Wl =TT 0 +av)= TT (W se(WalWa,ooo, Wiy, s(Ty—, Wr, ) (5)
s€(0,t] k§[1<n],
k<t

for t € [0,T]. Since AN%]IIc =0foralli,j€S,i#j,and k € [1: n] a.s., we have [0”,9] =0, and thus the
process Z¥ £ £[0V + 9] = £[0¥] - E[V], i.e.

zZ, = H (exp{/ot(l —Qij(S,WS,[L(S,WS),VS))dS}- H Qij(s,Ws,u(s,Ws),Vs))

i,j€S, s€(0,4],
i#] AN #0
x TT (W1 sk (Wil . Wiy, u(Ti—, Wi ))) - (6)
ke[l:n],
T <t

is a local (§,P)-martingale. Since

sup [E[0"]] < e®T 1Y (7)
t€[0,T7]

SNote that [ Q% (s, W, (s, Ws),vs) = AN = [§ QU (s, Wi—, (s, Ws—),vs) — )ANY P-as.



where £ £ max; jes, iz [|Q7[|oo and Y £ 37 N¥ ~p Poisson(d(d — 1)T) and

1,J€S, i#]

sup |E[d],] < [W[" (8)
t€(0,T]

it follows that sup, (o 7y |Z}| is P-integrable, so Z" is in fact an (§, P)-martingale. Since Z" is non-negative
with Zj = 1 by construction, we conclude that P” is a well-defined probability measure on 2, absolutely

continuous with respect to P, with density process

dpP~
dP

=27y, telo,T).

St

Step 2: PY-intensity of N¥. Let 4,5 € S with i # j. Since P¥ < P it is clear that N* is a P-counting

process, so it suffices to show that the process "N = {"N;7} given by
"N & NP —/ QY (s, Wy, u(s, Ws),vs)ds, te€l0,T], (9)
0

is a local (§,P¥)-martingale. To show this, by Step 1 it suffices to demonstrate that Z* - "N is a local
(F,P)-martingale. Noting that

> [NF N = S ANF.ANY =0 whenever k,¢ € S and (k, £) # (i, 5),
s€(0, -]
> dZy = Zy Ay + Z¢ dvy = Y. Z¢ (QM(t, Wy, u(t, W), vy) — 1) ANFE + Z7_dv,,
k€S,
k#0

> d[Zya VNij]t = Ztu— (QZ](t7 Wt7 /’L(tv Wt)a Vt) - 1)dNZJa
and using integration by parts, the local martingale property follows since
d(zy - "NJ) = zy ANy + NP Azy +d[zv, "N,
= ZV AN} — ZV_ QY (t, Wy, u(t, W), v )dt + "N}Z dZ¥
+ Z¢ QU (8, Wi, p(t, W), m)dN,? — Z¢ AN
= UNtlidey + ZZJ,QU (ta Wta :u(t7 Wt)7 Vt)dNtij‘
Step 3: P¥ =P on 0(Xp). For any function g: S — R we have

E"[9(Xo)] = Elg(Xo) - Z7] = E[g(Xo) - E[Z7[F0]] = E[g(Xo) - Z5] = Elg(Xo)]

by the (§, P)-martingale property of Z”.
Step 4: Distribution of Wy, under P”. Let k € [1 : n] and wy,...,w, € W. Since E[0¥]7, = E[0"]7,— a.s.
and Wy, is uniformly distributed on W and independent of §r, - under PP, iterated conditioning yields

P” <W1 =wi, ..., W = wk) = ]E[Z’ffl’k ’ ]l{Wk:wk} ’ ]l{Wliwl,---,quiwkq}]
= E[Z%k* : |W| ! ‘%k(WHWh oo s Wi, (T —, WTk*)) ’ ]]'{Wk:’wk} ’ ]]'{le'wlmnywk—l:wk—l}]
(W[ - kg (we|ws, ..oy wp—1, p(To— wr,—)) - B[ Z5, - Lgwy Wiy =wp 1} - P(Wh = wie|F1,.—)]

= rp(welw, .. wp—1, p(To—, wr,—)) - PV (W1 = wi, ..., Wiy = wp—1).

Thus we have P*(W), = wi|&7,_) = ki (wi|Wh, ..., Wi_1, M7, _) and the proof is complete. O



Lemma 3 implies in particular that IP”’(Aij #0) =0 for every ¢ € [0,T], so as a consequence we have
AX; =0 PYas. forallte[0,T]\{Th,...,Tn}.

Moreover, since P** = P2 on & for all admissible controls vy, € A and M; = u(t, Wy) for t € [0,T],

the agent’s ex ante beliefs concerning the common noise factors are the same, irrespective of his control.

3 Solution of the Optimization Problem

In the following, we solve the agent’s maximization problem (P,) using the associated dynamic programming
equation (DPE). This is the same methodology as in [GMS13] and [CF20]; see [CW18§] for an alternative
approach (to extended mean field games, but without common noise) based on backward SDEs.

The DPE for the agent’s optimization problem reads

0 = sup { %1)1 (t,w) + 1/)i(t, w, wu(t, w),u) + Q' (t,w, w(t, w),u) -(t, w)}
uelU t

for i € S, subject to suitable consistency conditions for ¢ = Ty, k € [1 : n], and the terminal condition
o(T,w) = V(w, u(T,w)) for all w € W".

Assumption 4. There exists a Borel measurable function h: [0,T] x W™ x M x R¢ — U¢ such that for
every i € S and all (t,w,m,v) € [0,T] x W* x M x R? we have

Ri(t,w, m,v) € arg max{wi(t, w,m,u) + Q™ (t, w, m, u) -v}.
uclU

Assumption 4 is satisfied e.g. if U is compact and @ and 1) are continuous with respect to u € U. Note
that, since ¥( -, - ,m,u) and Q*( -, -,m,u) are non-anticipative for m € M, u € U, we can assume

without loss of generality that (-, -, m,v) is non-anticipative for m € M, v € R?. With this, we define

Q: [0,7] x W™ x M x RY — R¥x4, @ij(t,w,m, v) & QY (t,w,m, hi(t,w,m,v)),
1;: [0,T] x W* x M x RY — R?, @i(t,w,m,v) £ wi(t,w,m, hi(t,w,m,v))
and thus obtain the following reduced-form DPE, which we use in the following:

Definition 5. Let p: [0, 7] x W* — M be regular and non-anticipative. A function v : [0, 7] x W" — R?
is called a solution of (DP,) subject to (CC,), (TC,) if v is non-anticipative and satisfies the ordinary
differential equation (ODE)®

ot w) = =P (tw, plt,w), v(t,w)) = Q8 w, p(t, w), v(t,w)) - v(t, w) (DE,)
for t € [Tk, Tk+1), k € [0 : n], subject to the consistency and terminal conditions

o(Typ—,w) = Yy (w, u(Tp—, w),v(Tk, -)), (CC)
o(T,w) = ¥ (w, (T, w)) (TCy)

6All ODEs in this article are taken in the sense of Carathéodory; see [Hal80, §1.5].



for k € [1:n] and all w € W". Here, for k € [1 : n], the jump operator ¥y, is defined via

Vi (w,m,v) £ Z kg (W |w, . .., wp—1, M) cp T (i ®R)m) (44 gy ), i €S, (k)
Wy EW
where 7 : W — R? and (w_g, @x) 2 (w1, ..., W1, Wk, Wey1,...,wy) for @p € W, w € Wn, o

Observe that (DP,) represents a system of (random) ODEs, coupled via w € W”. The ODEs run backward
in time on each segment [Tk, Tk+1) x W™, k € [0 : n], and their terminal conditions for ¢ 1 Tj11 are
specified by (TC,) for k =n and by (CC,) for k < n. Note that for ¢ € [T}, Tj+1) the relevant common

noise factors Wi, ..., Wy are known.

Remark 6. While the significance of the DPE (DP,) and the terminal condition (TC,) are clear, the
consistency conditions (CC,) warrant a brief comment: For i € S, k € [1 : n] and w € W" the state process
jumps from state i to state j = J*(Tx, (w_p, Wi), p(Th—, wr, ) on { X7, - =i} N {Wp,_ = wr,_} when

the common noise factor Wy, is revealed at time T}. o
We next link the solution of the DPE to the underlying stochastic control problem.

Theorem 7 (Verification). Suppose p : [0,T] x W™ — M is regular and non-anticipative and v is a
solution of (DP,) subject to (CC,) and (TC,). Then v is the agent’s value function for problem (P,), i.e.

T
3 B(Xo = i)v'(0) = sup E” [ / X (8, Wy, My, v)dt + WXT(WT,MT)}
ies veA 0

and an optimal control is given by U € A with
U (t, X( . aty—s Wi) = B (6, W, u(t, We), v(t, Wy))  for t € [0,T7.

Proof. Let v € A be an admissible strategy. Until further notice we fix k € [0 : n].

Step 1: Dynamics on [Ty, Ty+1). From 1t6’s lemma, applicable due to regularity of v, we obtain
vXTk (Tka WTk) = (UXTk+17 (Tk+1_) WTk+17)

Trt1 ) ) o
— Z / Tix, —i (UJ(S,WS) —v'(s, WS)) d"N¥
Tk

1,JES,
1#]
Trt1 9 ) )
_/ ZIL{XS:Z'} ((Dl(svws) +Q“ (37W37/L(57W5)7VS) -U(S7Ws)) ds. (10)
Te =1

Step 2: Jump dynamics at Tj,. We recall from Lemma 3 that

PV(Wk = u’);c|XTk,7W1, ey Wk*l) = PV(Wk = wk|W1, ey Wk*l)
= g (W Wh, ..., Wit (T —, Wy, =)

In view of the jump dynamics (3) and the consistency condition (CC,), we thus obtain

B [oX7% Ty, Wr,, ) |0 (X7, —, W, )]
=FE¥ [UJXTk— (T (W= Wit (k= W ) (T, (W, -, W) | X, —, W, ]
= Z ok (0k| W, —, (T —, WTk—))vJXTk* (o Wy =01 (T = W ) (T, (W -, 1))

:\I}k (Wkavﬂ(kaaWTk*)vv(Tkv )) :vXTki(ka’WTk;*)' (11)
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Step 3: Optimality. Combining (10) and (11) for k = [1 : n] and using (TC,) yields

v (0) = ¥ (T, W) + > (V¥ (=, Wi, =) — 0% (T}, Wi, )

k=1
n Tt . . e
Z { Z / Tix,_ =i (vj(s, W) —v'(s, Ws)) d'NY
=0 4,5 €S,
1#]
Tier 4 . .
+/ Z IL{sti} (i)z(sv Ws) + Q“ (57 Ws’ }L(S, Ws)v VS) : U(Sv W&)) d8:|
Tw =1

= pXr (W, u (T, Wr) +Z(EU XTk Tk,WTk |G Xr,— ,Wrp, — )] — 5T (Tk,WTk)>

k=1
- Z szg _/ Z]I{sti} (@i(svws) +Qi. (57stﬂ(57Ws)7Vs) *’U(S,Ws)) d87 (12)
i,5€S, 0 =1
i#]

where for 4,7 € S, i # j the local (F,P”)-martingale M% is given by
.. t . . —_ ..
M5 / Lix, —iy (v/(s, W) — vi(s, W) "N for t € [0,7].
0

Since "N is a compensated counting process and v and @ are bounded, M¥ is in fact an (F,P")-
martingale. Hence taking P”-expectations in (12), using the tower property of conditional expectation
and the fact that P¥ and P coincide on o(Xo) by Lemma 3, and finally that v solves the DPE, we obtain

> P(Xo = i)' (0) = E[v™°(0)] = E* [v*(0)]

i€S

_E {@XT (W, (T, Wr))

T d
— / Zﬂ{Xﬁi} (@i(s,Ws) + Q% (s, Wy, (s, Wy), vs) - v(s, Ws)) ds
0 =1
T
>k {\I}XT (WT,MT)+/ e (5, Wy, My, vs) ds|. (13)
0

If we replace v with 7, the same argument applies with equality in (13); we thus conclude that v is the

value function of (P,), and that the strategy v is optimal. O

The optimal strategy is Markovian in the agent’s state; this is unsurprising given the literature, see
e.g. [GMS13, Theorem 1] or [CW18, Proposition 3.9] and [CF20, Theorem 4|. Note, however, that the
time-¢ optimal strategy may depend on all common noise events that have occurred up to time ¢, as
Wy = (Wh,...,Wy) for ¢ € [Tk, Tr+1). In the following, we denote by P the probability measure

P2P’

where ¥ is the optimal control specified in Theorem 7. It follows from Lemma 3 that N has ]IAD—intensity
Nid = {9} for i,j €, i # j, where

Xij £ Qij (t7 Wt7 N(ta Wt)7 hXt7 (ta Wta N(ta Wt)a U(ta Wt))) for t € [07 T} (14)
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4 Equilibrium

Having solved the agent’s optimization problem for a given ex ante function u, we now turn to the resulting

mean field equilibrium. We first identify the aggregate distribution resulting from the optimal control.

Remark 8. This paper generally adopts a “representative agent” point of view; an alternative justification
of mean field equilibrium is via convergence of Nash equilibria of symmetric N-player games in the limit
N — o0; see, among others, [Fis17], [BC18|, [CF18], [CW18], [CP19a], [CPFP19], [DGG19] and [CF20).
In the setting of this article (albeit under additional regularity conditions) a mean field limit justification
can be provided along the lines of the proof of Theorem 7 in [GMS13] by conditioning on common noise

configurations, similarly as in the proof of Theorem 10 below. o

4.1 Aggregation

Given an ex ante aggregate distribution specified in terms of a regular, non-anticipative function p and a
corresponding solution v of (DP,) subject to (CC,), (TC,), Theorem 7 yields an optimal strategy v for
the agent’s optimization problem (P,). With P denoting the probability measure associated with 7, the
resulting ez post aggregate distribution is given by the M-valued, &-adapted process M= {]\/4:} given by

M, 2P(X, € - |&;) forte[0,T)

We note that M is cadlag since & is piecewise constant and X is cadlag. Equilibrium obtains if
M, = pu(t,W;) for all t € [0,T]. To proceed, we aim for a more explicit description of M. Thus we define
for k € [1:n]

O : W' xMxM— M, & (w,m,m)=m- P(w,m), (@)

where Py, : W” x M — {0,1}9%¢ is given by
P,:j(wﬂﬂ) £ Lri(mwn,wn,m)=j)y  fOT 4,5 €S

and we set

mo=P(Xo€ -)=P(Xp€ -)€M.

Lemma 9. Let i : [0,T] x W* = M and v : [0,T] x W* — R be regular and non-anticipative, and

suppose that Y = {Y;} is an M-valued stochastic process with dynamics

t
Yo=mo, Yi=Yp + Y, - Q(s, Ws,,u(s,Ws),v(s,Ws))ds fort e [Ty, Tk+1), k €10 : n] (15)
Ty

that satisfies the consistency conditions
Yr, = &, (Wr,, Yr,—, f(Te—, Wr,,—))  for k € [1:n].

Then'Y is &-adapted.

Proof. Step 1: Existence and uniqueness of Carathéodory solutions. For each k € [0 : n] and w € W™,

since p and v are regular and @ is bounded, the function
f : [TkkaJrl} X Rle - Rley f(tyy) £ Y- @(t,w,u(t,w),v(t, 'UJ))

is measurable in the first and Lipschitz continuous in the second argument. Thus, using that x4, v and @

are non-anticipative, a classical result, see [Hal80, Theorem 1.5.3|, implies that for each initial condition
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y € R1? there exists a unique Carathéodory solution gpz’w”‘ [T, Try1) — R of
y(t) = y(t) : @(tv wT}c7l’(‘(t7wTk)7v(t7wTk)) for t € [Tka Tk-‘rl)v y(Tk) =Y.

Step 2: 'Y is ®-adapted. First note that Yy = my is clearly By-measurable. Next, suppose that Yz, is
&1, -measurable, and note that for ¢ € [T}, Tk+1) we have W, = Wy, , so

t
Y, = YTk +/ Ys- Q(57 WTk-,7/’I’(87WTk)7U(S7WTk))dS'
Ty

Thus from uniqueness in part (a) it follows that we have the representation
Y, \W-
Y: = (kak' T (t) for t € [Tk,Tk+1>.

Hence Y; is &, -measurable for all ¢ € [Ty, Ti+1). Finally, for all £ € [0 : (n— 1)] the consistency condition
implies that Y7, ., = @41 (Wr,, ., Y10 — (D1 —, Wi, —)) is &1, -measurable, so the claim follows

by induction on k € [0 : n]. O

Theorem 10 (Aggregation). Let p: [0,T] x W™ — M be regular and non-anticipative with p(0) = mqg.
Suppose v is a solution of (DP,) subject to (CC,), (TC,), and the agent implements his optimal strategy
U as defined in Theorem 7. Then the aggregate distribution M has the @-dynamics

AM; = My - Q(t, Wy, u(t, We), v(t, W3))dt  for t € [Ty, Ths1), k € [0:n], (M)
and satisfies the initial condition
My =myg (MO)

and the jump conditions
]/W\Tk = q)k (WTk,]/\/.TTk,,/L(Tk—7WTk,)) fOT ke [1 : Tl} (Mk)

Proof. Let w € W™ be a common noise configuration. Since X is defined path by path, see (2) and (3),
we first note that X = X% on {Wr = w}, where X* satisfies (2) and

w

X3 = J" 0 (T, wry, (T —, wr,—)) for k € [1:n]. (16)

We define ((w) = {¢(w):} via

Cwy 2 1 (exp{ / (1= @ (s (o0 B 3,10 (s, 10,00, 1,)) )}
k7 0

T QU (w0 I (s o) ).
s€(0,t],
AN £0
Using analogous arguments as in Step 1 of the proof of Lemma 3 (see in particular (4) and (7)), it follows
that there exists a probability measure P* with density process
dpv

N
W . = C(U])t for t € [O,T']7
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where the filtration $ = {$:} is given by
N 20(Xo, NIt s€(0,t]; 3,5 €S, i#j)vN fortel0,T]
Furthermore, in view of (4) and (14) we have
((w) = €[] on {Wr =w}. (17)

Step 1: Conditional Kolmogorov dynamics. Throughout Step 1, we fix a common noise configuration

w € W™, Tt follows exactly as in the proof of Lemma 3 (with P in place of I/PS) that
PY < P, PY =P on o(Xo),
and that for 4,5 € S, i # j, the process N is a counting process with (£, @“’)-intensity
QY (t,wy, pu(t, wy), R (t wy, (t, we), v(t,wy)))  for t € [0,7T].

Boundedness of @ implies that for each z € R? the process L¥[z] = {L¥[2]},

Lw Z / ]I{X”—U —i} - z7)d“’]\_];J for t € [O,TL
i,j €S,
1#]

is an (§, P¥)-martingale, where "N/ = {“N/7} is given by

w

t
th” = Ntw _/0 Qij <vasvﬂ(svws)ahx'§7 (SawsaN(87ws)7v(saws)))dsa te [OvT]'

Using Itd’s lemma and the fact that Xij = @ij(t, Wy, u(t, W), v(t, Wy)) on {X;_ =i}, t € [0,T], by (14),
we have for each z € R%, k € [0:n] and t € [Tk, Ty+1)

XU = X L LYz — L7, [2] + Z/ Tixw—s) - Q™ (5, we, (s, ws), v(s, wy)) - 2 ds.

Taking expectations with respect to Pv and using Fubini’s theorem yields

d t

Ev [thw} =Ev [ZX%C] + Z/ @w(X;” =1q)- @“(s,ws,u(s,ws),v(s,ws)) -z ds,
Ty
so with z =¢;, i € S, we get
pw (X =14 = IP"” XTk =1 —I—Z/ Pw Xy = Q”(s wg, (s, ws),v(s, wy))ds. (18)

It follows from (18) that n(w) = {n(w):},
n(w) 2 PUXP e ), tel0,T] (19)

satisfies, for all i € S and k € [0 : n],

)i = 0w, + [ ) @ (s pls), (s, ) ds - for ¢ € [Ti ). (20)
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Moreover, since P¥ = P on 0(Xo) and X = Xo, n(w) satisfies the initial condition
nw) =P*(X¥ e )=P(X¥ e )=P(Xg € -)=myp. (21)
Finally, consider a common noise time ¢ = T} and note that for all i € S the jump condition (16) implies
n(w)y, =P (Xf, =) =B ()0 (T, w, pl T, wr, ) = )

P (J7 (T, wr, , il(Te—, wry - ) = 6| X3 _ =) -PU(XE _ =)

[
M=

1

J

]l{JJ (T wry 1u(Th—wry, ) =i} 'Pw(Xﬁ— =)

M=

J

Il
_

Pl (wr,, (T =, wr, ) - n(w)h, _ = @ (wr,, n(w)z, -, 1(Th—, wr,, ). (22)

VR

1

J

Since n(Wr) = > ewn L{wr=w} - N(w), in view of (20), (21) and (22) it follows from Lemma 9 that the
process n(Wr) is B-adapted.

Step 2: Identification of n(Wr). Recall that &7 = o(W7) V9t and let w € W". For t € [0,T] and i € S
we have by (6) and (17)

E[Liwr—w}  Lixi—y] = ELgwr—w) - Lixp—iy - 27] = E[Lgwy—wy) - Lixp—iy - C(w)r - E[0]7]
= [T(WI- sk(welws, . we 1, u(Te—, wr, ) - Bl gwy—wy - Lxp—iy - C(w)r]
k=1
= (W[ P(Wr = w) - P(Wp = w) - PY(X =) = E[L{wpew) - n(Wr)i],

where in the final line the first identity is due to Lemma 3 and P-independence of ({(w), X™) and &r;
and the second is due to (19) and the fact that P(Wy = w) = 1/|W|™. Thus

@(Xt € &) =n(Wr): P-a.s. for t € [0, 7.

Step 3: Dynamics of M. By Step 2 and the tower property of conditional expectation, we find that for
each i €S and ¢ € (0,7

M} = P(X, = i|6,) = E[E[l{x,—}|67]|6] = E[n(Wr)i|6,] = n(Wr); P-as.,

where the final identity is due to the fact that n(Wr) is B-adapted by Step 1 and E denotes @-expectation.
Since both M and n(Wr) are cadlag, it follows that M= n(Wr) P-a.s., and (M), (Mp) and (M) follow
from (20), (21) and (22). O

As a by-product, the preceding proof yields the alternative representation
M, = @(Xt € - |&p) fortel0,T] P-a.s.

4.2 Mean Field Equilibrium System

As discussed above, equilibrium obtains if the agents’ ex ante beliefs coincide with the ex post outcome.

This holds if and only if the ex post aggregate distribution process M from (M) satisfies

B(X, € - |&;) = M, = M, = pu(t,W;) forall t € [0, 7).
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Definition 11 (Equilibrium System). A pair (p,v) of regular and non-anticipative functions
pe [0,T] xW* —M  and v: [0,T] x W" — R?
is called a rational expectations equilibrium, or briefly an equilibrium, if for all w € W™

ﬂ(t,w) = ,LL(t,’w) ) @(t»wvu(tv w)vv(tvw)) (El)
Bt w) = — Pt w, p(t,w), v(t,w)) — Q(t,w, p(t,w), v(t, w)) - v(t, w) (E2)

for t € [Ty, Tiy1), k € [0 : n], subject to the consistency conditions’

(T, w) = g, (w, (T —, w)) (E3)
o(T—, w) = Uy (w, w(Ti—, w),v(Tk, -)) (E4)

for k € [1: n], and the initial/terminal conditions

o(T, w) = V(w, u(T,w)). (E6)
We also refer to (E1)-(E6) as the equilibrium system. o

In combination, Theorem 7 and Theorem 10 demonstrate that, given a solution (u,v) of the equilibrium
system, v is the value function of the agent’s optimization problem (P,) with ex ante aggregate distribution
u; and the ex post distribution resulting from the corresponding optimal strategy is given by pu itself.
Under standard Lipschitz conditions, see Assumption A.1 in Appendix A, we have the following existence
result for the equilibrium system; the proof is reported in Appendix A and is a ramification of that in
[CF20, Theorem 6] based on Banach’s fixed point theorem.

Theorem 12 (Existence of Equilibria). Let Assumption A.1 be satisfied and fix n € No. Then there
exists T* > 0 such that for every time horizon T < T* and every choice of common noise times
0=Ty<Ty < <Tp <Tni1 =T there is a unique solution of the equilibrium system (E1)-(E6).8

Using Theorems 7 and 10 we can thus identify a mean field equilibrium with common noise by producing
a solution of the equilibrium system (E1)-(E6); under the conditions of Theorem 12, a solution exists and

can be computed numerically by a fixed point iteration. We provide some illustrations in Section 5.

5 Applications

Before we illustrate our results in two showcase examples, we briefly discuss our numerical approach to
the equilibrium system (E1)-(E6). (E1)-(E2) is a forward-backward system of 2d ODEs with boundary
conditions (E3)-(E6), coupled through the parameter w € W™ representing common noise configurations.
The special case n = 0 (no common noise) corresponds to the setting of [GMS13] and [CF20], with
the equilibrium system reducing to a single 2d-dimensional forward-backward ODE. For n > 1, the
consistency conditions (E3)-(E4) specify initial conditions for p on [Tk, Tk+1) and terminal conditions
for v on [Ty—1,Tk), k € [1 : n]; since these conditions are interconnected, there is in general no segment
[Tk, Tk+1) X W™ where the equilibrium system yields both an explicit initial condition for p and an

explicit terminal condition for v, so we cannot simply split the problem into subintervals. Rather, the

"With a slight abuse of notation, here and subsequently we set ®,(w, m) £ & (w, m,m) for k € [1 : n], w € W*, m € M.
8 Although Banach’s fixed-point theorem also yields uniqueness of the fixed point, the resulting mean field equilibrium
need not be unique unless the maximizer h in Assumption 4 is uniquely determined.
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equilibrium system can be regarded as a multi-point boundary value problem where for each of the [W|*
conceivable combinations of common noise factors on [Ty, Ti+1), k € [0 : n], we have to solve a coupled

forward-backward system of ODEs in 2d dimensions, resulting in a tree of such systems of size

& Wt —1 n
> Wik = WWT € O(JW™).
k=0

Our approach to solving (E1)-(E6) is to rely on the probabilistic interpretation as a fixed-point system,
based on Theorem 12. Thus, starting from an initial flow of probability weights 1o(t, w), (¢, w) € [0, T]x W™
with (0, w) = my for all w € W, we solve (DP,) subject to (TC,) and (CC,) backward in time for all
non-negligible common noise configurations w € W™ to obtain the value vq (¢, w), (t,w) € [0,T] x W™, of
the agents’ optimal response to the given belief po. This, in turn, is used to solve (M) subject to (My) and
(My,) forward in time. As a result, we obtain an ex post aggregate distribution u; (¢, w), (t,w) € [0,T] x W";
we then iterate this with p; in place of pg, etc. Note that Theorem 12 guarantees the convergence of this

methodology for appropriate parameter settings.

5.1 A Decentralized Agricultural Production Model

As a first (stylized) example we consider a mean field game of agents, each of which owns (an infinitesimal
amount of) land of identical size and quality within a given area. If it is farmed, each field has a
productivity f(wy) > 0 depending on the common weather condition wy. We assume that weather is
either good, bad or catastrophic, so wy, € W 2 {1,], 4}, and changes at given common noise times
Ty,...,T,.

Each agent is in exactly one state i € S £ {0,1} depending on whether he grows crops on his field
(i = 1, the agent is a farmer) or not (¢ = 0). The selling price p for his harvest depends on aggregate
production, and thus in particular on the proportion m! € [0, 1] of farmers; the mean field interaction is
transmitted through the market price of the crop. We assume that p is a strictly decreasing function of

1

overall production f(wg) - m'; see Figure 1 for illustration.

price function p

P(f ) )

0 0.2 0.4 0.6 0.8 1
m!

Figure 1: Price function p (parameters as in Table 1).

We assume that f(1) > f(}) = f(4) > 0. Moreover, on the catastrophic event {Wj, = 4} all agents are
reduced to being non-farmers, and thus

. 0 lfte T,...7T 7t:T7w = s
Jl(t7w7m)é {1 n} k k é
i else
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Parameter T n Tk qentryv (exit f(T) f(\L) p(Q) Cprod Centry
Value || 1 | 4 | k/5 0.7 1 | 05 |1/(1+3q) | 03 | 0.1

Table 1: Coefficients in the agricultural production model.

for (i,t,w,m) € S x [0,T] x W™ x M. Each agent can make an effort u € U = [0, 1] to become or stop
being a farmer; the intensity matrix for state transitions is given by

Q(t,w,m,u) =u- { dentry - Gentry for (t,w,m,u) € [0,T] x W" x M x U,

Gexit —(exit

where Gentry, gexis > 0 are given maximum rates. The running rewards capture the fact that both efforts
to building up farming capacities and production itself are costly, while revenues from the sales of the
crop generate profits; thus

wo(ty w,m, u) = _%Centry : UQ and ¢1(t7 w,m, U) = p(f(wk) : ml) : f(wk) — Cprod

for t € [Ty, Thy1), k € [0 : n], where wy = 1 and Centry, Cprod = 0. The terminal reward is zero. It follows

that the unique maximizer in Assumption 4 is given by

0 if vt >0,
RO (t,w, m,v) = {qmﬂ(v1 — v0)+} ! and Rt (t,w,m,v) = -

Centry 1 else.

We choose m$ £ 10% for the initial proportion of farmers, and report the relevant coefficients in Table 1.
Our results for the evolution of the mean field equilibrium are shown in Figures 2 through 5 for various

common noise configurations w € W™ and the following two baseline models:

(nC) Catastrophic weather conditions do not occur; we use

"ik(T |’ll)1, .- ~awk717m) = Rk(\L ‘wla . -7wk715m) =05
for all w € W™ and m € M.

(C) Catastrophic events are likely; we use
Ke(T lwi, ..o we—1,m) =025, ki |wi,...,wg—1,m) =025, k(4 |wi,...,we_1,m)=0.5

for all w € W™ and m € M.

Figures 2, 3 and 4 illustrate the resulting equilibrium proportions of farmers, optimal actions, and market
prices for some fixed common noise configurations. In particular, equilibrium prices are stochastically
modulated by the prevailing weather conditions. To illustrate the effect of uncertainty about future
weather conditions we also show, for each common noise configuration, the theoretical perfect-foresight
equilibria that would pertain if future weather conditions were known; these are plotted using dashed
lines in Figures 2 through 4, and the subscript o indicates the relevant deterministic common noise path.

Finally, Figure 5 illustrates the tree of all possible equilibrium evolutions in model (C).
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with catastrophe (C)

without catastrophe (nC)

nC) and (C).

(

Figure 2: Proportion of farmers in models
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with catastrophe (C)

without catastrophe (nC)

Figure 3: Optimal action h° of non-farmers in models (nC) and (C).
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with catastrophe (C)

without catastrophe (nC)
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Figure 4: Equilibrium market prices in models (nC) and (C).
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Figure 5: Proportion of farmers in model (C) for all possible common noise configurations w € W™,

5.2 An SIR Model with Random One-Shot Vaccination

Our second application is a mean field game of agents that are confronted with the spread of an infectious
disease. Our main focus is to illustrate the qualitative effects of common noise on the equilibrium behavior
of the system. We consider a classical SIR model setup with S = {S,I,R}: Each agent can be either
susceptible to infection (S), infected and simultaneously infectious for other agents (I), or recovered and

thus immune to (re-)infection (R); see Figure 6.

infection \

recovery j

Figure 6: State space and transitions in the SIR model.

The infection rate is proportional to the prevalence of the disease, i.e. the percentage of currently infected
agents. Susceptible agents can make individual efforts of size u € U £ [0, 1] to protect themselves against

infection and thus reduce intensity of infection. The transition intensities are given by
7qinf(tawama ’LL) qinf(t7wam7u) 0
Q(t,w,m,u) = 0 —qIRr gir

0 0 0

for (t,w,m,u) € [0,T] x W™ x M x U, where gig > 0 denotes the recovery rate of infected agents and the



22

infection rate is given by
qinf(ta w,m, u) = gs1 - mI ! (1 - U) ' ]1{15<T*}(w)

with a given maximum rate gs; > 0. The running reward penalizes both protection efforts and time spent

in the infected state; with cp, 11 > 0 we set

u

T’ Ut w,m,u) & =iy, R (t,w,m,u) £ 0.

?ﬁs (t: w,m, U) £ —Cp

In addition, we include the possibility of a one-shot vaccination that becomes available, simultaneously to
all agents, at a random point of time 7* € {T1,...,T,,} C (0,T). We set W £ {0,1} and identify the k*»
unit vector ey = (0xs)jep:n] € W", k € [1 : n] with the indicator of the event {7* = T} }. The event that
no vaccine is available until T is represented by 0 € W”; we set 7* £ 400 in this case.? If and when it is

available, all susceptible agents are vaccinated instantaneously, rendering them immune to infection; thus

R ifte{Th,...., T}, t =T =1+, .
JS(t,w,m) & T ) i and JH(t,w,m) =i forie€ {I,R}.
S otherwise

The probability of vaccination becoming available is proportional to the percentage of agents that have

already recovered from the disease. Thus for k € [1 : n], wy,...,w,, € W and m € M we set
A a-mP ifwy,..., w1 =0,
k(1 |wy, ..., wg—1,m) =
0 otherwise,
and #(0|wy, ..., wr_1,m) = 1 — wp(1|wy,...,wr_1,m) where a € (0,1]. As a consequence, for all

(i,t,w,m,v) €S x [0,T] x W x M x R3, a maximizer as required in Assumption 4 is given by'®

cp + . S 1 I
RS (t,w, m,v) & [17\/%} if v° > v and m* > 0,

0 otherwise,

and hi(t,w,m,v) =0 for i € {I, R}.

Remark 13 (SIR Models in the Literature). Note that, given the above specification of the transition
matrix @, the forward dynamics (E1) within the equilibrium system (E1)-(E6) read as follows:

/ls(t7 w) = —(gs1- /J/I(ta w) ) (1 - h's(ta w7u(t7 w)a U(ta w))) : IL{t<'r*}(w) : lu‘s(tvw)
.[Ll(tv ’LU) = (gsr- N’I(tv w) : (1 - hs(tv ’LU,/L(t,’u)), U(tv w))) : 1{t<7’*}(w) : Ns(tvw) —d4IR - :U'I(tvw)
i (t w) = gir - i (8 w).

Disregarding common noise, these constitute a ramification of the classical SIR dynamics, which are a basic
building block of numerous compartmental epidemic models in the literature; see, among others, [Het00],
[HLM14], [Mil17] or [GMS20] and the references therein. The SIR mean field game with controlled infection
rates, albeit without common noise, has recently been studied in the independent article [EHT20]; we
also refer to [LT15] and [DGG17| for mean field models with controlled vaccination rates. Mathematically
similar contagion mechanisms also appear in, e.g., [KB16], [KM17], §7.2.3 in [CD18a], §7.1.10 in [CD18b],

9The specification of sy, k € [1 : n], below implies that 7% = +o00 is equivalent to w = 0 € W" P-as., i.e., the
configurations W™ \ ({0} U {ey : k € [1: n]}) are P-negligible.

10Note that for given w € W™ the stated maximizer hS is unique for times ¢ < 7*; otherwise its specification is immaterial.
The latter applies likewise to k! and hR.
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or §4.4 in [Wanl9]. o

For our numerical results, the initial distribution of agents is given by mg £ (0.995,0.005,0.00), and the
model coefficients are reported in Table 2. Note that there are n = 1999 common noise times T}, = k- 0.01,
k=1,...,1999, at which a vaccine can be administered. The specifications of ¢s; and grr imply a basic

reproduction number Ry £ gs1/qir = 15 in the absence of vaccination and protection efforts.

Parameter || T n Th o | gst | R | cp | Yn
Value 20 1 1999 | £-0.01 | 0.1 | 7.5 | 0.5 | 25 | 100

Table 2: Coefficients in the SIR model.

Our results for the mean field equilibrium distributions of agents p and the corresponding optimal
protection efforts of susceptible agents kS are displayed in Figures 7 through 9 for different common noises
configurations, i.e. vaccination times 7*. As in Section 5.1, we also display the corresponding (theoretical)
perfect-foresight equilibria, marked by the subscript o.

Note that an agent’s running reward is the same in state S with zero protection effort and in state R;
agents are penalized relative to these in state I and hence aim to avoid that state. Susceptible agents can
reach the state R of immunity by two ways: First, they can become infected and overcome the disease;
second, they can be vaccinated and jump instantly from state S to state R. While the first alternative
is painful, the second comes at no cost and is hence clearly preferable. However, as the availability of a
vaccine cannot be directly controlled by the agents, they can only protect themselves against infection at
a certain running cost until the vaccine becomes available.

Figures 7 to 9 demonstrate that the possibility of vaccination as a common noise event can dampen the
spread of the disease and lower the peak infection rate. This is due to an increase in agents’ protection
efforts during the time period when the proportion of infected agents is high. By contrast, in the perfect-
foresight equilibria where the vaccination date is known, agents do not make substantial protection efforts
until the vaccination date is imminent, see Figures 8 and 9; in the scenario without vaccination, see
Figure 7, protection efforts are only ever made by a very small fraction of the population. With perfect
foresight, the agents’ main rationale is to avoid being in state I when the vaccine becomes available.
This highlights the importance of being able to model the vaccination date as a (random) common noise
event. Finally, observe that our numerical results indicate convergence to the stationary distribution

i = (0,0,1) € M, showing that the model is able to capture the entire evolution of an epidemic.

ACKNOWLEDGMENTS: Daniel Hoffmann and Frank Seifried gratefully acknowledge financial support from the
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Figure 7: Equilibrium distribution and protection effort for 7* = +o00: Mean field game with common

noise (top) and corresponding perfect-foresight equilibrium (bottom).
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w: vaccination in 7 = 2.5
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Figure 8: Equilibrium distribution and protection effort for 7* = 2.5: Mean field game with common noise
(top) and corresponding perfect-foresight equilibrium (bottom).
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w: vaccination in 7 =5
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Figure 9: Equilibrium distribution and protection effort for 7* = 5: Mean field game with common noise
(top) and corresponding perfect-foresight equilibrium (bottom).
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A Appendix: Proof of Theorem 12

Throughout this appendix, we fix a time horizon 7" > 0 and a number of common noise events n € Nj.
We set 1T 2 {7 = [To, T1, ..., Ty, Tpy1] : 0=Ty < Ty < -+ < Ty < Tpy1 =T}

Assumption A.1.

(i) The terminal reward function ¥ is Lipschitz with respect to m, i.e. there exists Ly > 0 with

[V (w,m1) = ¥(w,m2)|| < Ly - [my — ma| (L)
for all w € W™ and my, mo € M.
(ii) The reduced-form running reward function 12 is jointly Lipschitz with respect to (m,v), i.e.
[(t, w,ma, v1) = Yt w,ma, v2)[| < L~ ([lma — ma|| + [lvr — va]) )
or allt € [0,T], w € W”, my,ma € M and vy, vs € R, where L~ > 0.
P

(iii) The reduced-form intensity matriz function @ is jointly Lipschitz with respect to (m,v), i.e.

HQ(tawvmlvvl) - Q(t7w7m271}2)” < L@ . (Hml - m2|| + Hvl - UQ”) (LQ)

for allt €0, T], w e W", my,mg € M and vy,vs € R?, where L@ > 0.

(iv) For each k € [1 : n] the transition kernels ki satisfy the Lipschitz condition

§ D I (Th,(w—k, @),
’ Rk‘(wk|wla"'7wk717m1)v (Tier (w1, ) ma )

wr €W
— kg (@ wr, - . . w1, me)v? T (W @)ma) < iy — || (Ly)
foralli €S, weW", my,ms €M and v € R? with ||v|| < vmax, where L, >0 and

Umax é (\Ijmax + T : wmax) : eQmax-T- (Vmax)

(v) For each k € [1: n] and w € W™ the map Py (w, -) is Lipschitz, i.e. there exists Ly > 0 with
[@r(w, m1) = @k (w, ma)|| < La - [[m1 — ma| (Le)

for all w € W™ and m1, mo € M. o

Since all norms on R are equivalent, the concrete specification is immaterial for Assumption A.1. However,
the following results partially depend on the sizes of the relevant constants; to be concrete, in the following
we use the maximum norm on R? and a compatible matrix norm on R%*?; moreover, we suppose that
(L@) holds for both @ and @T. The constants in (vpax) are given by

Qmax £ Sup @(t w,m, U)H7
t€[0,T], weW™,
meM, veR?

Ymax = sup ||1Z(t,w,m,v)” and U, 2 sup [|[¥(w,m)|. (23)
te[0,T], weW™, meM,

meM, veR? weWwn"
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Remark A.2. Sufficient conditions for Assumption A.1(i)-(iii) in terms of the model’s primitives can be
found in, e.g., [GMS13] or [CF20]. Furthermore, in the special case where the jump map .J is independent
of m € M, Assumption A.1(v) is trivially satisfied, and Assumption A.1(iv) is equivalent to

M>m+— Z k(W |wy, ..., wi—1,m) € Prob(W)
WE € -

being Lipschitz continuous in total variation norm. o

Let E C R? and define the space
D(E) 2 {f 2 [0, T] x W" — E: fis cadlag and non—anticipative}

together with the norm || f|sup = SUPieo,7], wewn | (£, w)]| for f € D(E). It is clear that D(E) is a Banach
space provided E C R? is closed; the linear subspace of regular non-anticipative functions is denoted by
Reg(E).

Lemma A.3 (Forward/backward Gronwall estimates). Let f € D([0,00)) and § > 0.
(a) Let &B >0 and v > 1, and suppose that f(0) =0,

t
ft,w) Sf(Tk,w)+a(t7Tk)'5+ B f(s,w)ds fort e [T, Tpt1), w € W™, (24)
Tk

for k €[0:n], and
[(Tow) <7 f(Timyw)  for all w € W™, (25)

for k € [1:n]. Then we have
f(t,w)§a~5 for all (t,w) € [0,T] x W™, where Eé&(y)”-e”m

(b) Let ;,E,E,g > 0 and suppose that f(T,w) < p -0 for all w € W,

Trt1
f(t:w) < f(Tk+1_7w) + <C_V(T’/’CJrl - t) 6 +/ B : f(s,w)ds, te [Tk7Tk+1>7 w e an (26)
t
for k €[0:n], and
f(Tk_aw) < Z ;’k(wfkvu_)k)'f(Tk:(w*kawk))_'_g'éi 'U)EW”, (27)

for k€ [1: n], where for all wy,...,wp_1 € W the family {7, (w_g, W)} o, cw consists of probability

weights on W. Then we have
f(t,w)§6~5 for all (t,w) € [0,T] x W™, where E’éeET';Jr(&TJrng)'eﬁT.
Importantly, the constants 5 and 6’ do not depend on 7 € II. In particular, we have
C2C.C<1 whenever T>0is sufficiently small. (28)

Proof. We only prove part (a); part (b) follows by similar arguments upon time reversal. We recursively
define Cy 2 0 and

-

Crt1 £ % . (Ck + a(TkH — Tk)) P T =Th)  for | S [0 : n]
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Note that the sequence {Ek}ke[o;mm is non-decreasing and 5n+1 < 6’ Hence it suffices to show that
flt,w) < 6‘k+1 -6 for all (t,w) € [Tk, Trt1] x W™, k€ [0:n]. (29)
It is clear that f(Tp) = f(0) = 0. Next let k € [0: (n — 1)] and
F(Thyw) < Cp -6 for all w € W,

It follows from (24) and Gronwall’s inequality that for (¢,w) € [Tk, Tk4+1) X W™
F(t,w) < (f(Ty,w) + alt —Ty) - 6) LT < (5k + &(Ths1 — Tx)) P Tera=T) (30)
In particular, (25) yields
F(Trpr,w) <9 f(Thpr—w) <7 - (5‘k + a(Ti1 — Tr)) L PTen=T0) 5 = Gy -5,
and consequently .
flt,w) < Cryr -6 forall (t,w) € [Tk, Tkr1] x W™ O

In the following, we first consider the backward system (E2), (E4), (E6) and subsequently the forward
system (E1), (E3), (E5).

Lemma A.4. Suppose that Assumption A.1 holds and let p € D(M). Then there exists a unique solution
v of (E2) subject to (E4) and (E6). Moreover, we have v € Reg(R?) and ||o(t,w)| < vmax for all
(t,w) € [0,T] x W™ where vmax s given by (Vmax)-

Proof. Step 1: Construction of v. We construct o by backward induction on k& € [0 : n] on each segment
[T, Trr1) x W™, First, we set o(T,w) = W(w, u(T,w)) for w € W". Suppose that k € [0 : n], fix w € W",
and let 9(Ty11,wr,) € R? be given and independent of wyy1,...,w,. Using (L) and (Lg) it follows
that the Carathéodory conditions are satisfied, so [Hal80, Theorem 1.5.3| yields the unique Carathéodory
solution ¥( - ,wr, ) : [Tk, Ths1] — RY of

Tipr ,

(t,wr,) = 0(Tht1, wr,) —|—/t (w(s, wry,, (s, wry, ), B(s, wTk))
+ @(s, wry,, p(s, wry, ), 0(s, wTk)) - (s, wTk))ds
Titr ,
= 0(Tkt1,wr,) + /t (w(s, w, w(s, w), ﬁ(s,wTk))

-~

+ Q(57 w, #(57 w)7 6(87 wTk)) ’ 6(37 wTk))dsa le [Tlm Tk-‘rlL
where the final identity is due to the fact that 12( -, +,m,v) and @( -, -,M, ) are non-anticipative. Define
o(t,w) = o(t,wr,) fort € [Ty, Try1) and each w € W™

By construction, o( - ,w) solves (E2) on [Tk, Tk+1) and does not depend on wyyy,...,w,. Having

constructed v on [Ty, Tx+1) X W™, we use (E4) and define
T)(Tka wTk—l) = \I}k(w’ M(kav w)a E(Tkv ’ ))

for w € W". By (U}) and the fact that x4 and J are non-anticipative, it follows that this definition does

not depend on wg, ..., w,. Consequently, the above construction can be iterated, and hence we obtain v
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as the unique solution of (E2) subject to (E4) and (E6). By definition, ¥ is non-anticipative and regular,
i.e. v € Reg(RY).
Step 2: A priori bound. For k € [0:n] and (t,w) € [Tk, Tp+1) X W™ we have

Thy1 N
Hﬁ(taw)H < ||7_)(Tk+1_7w)” +/ H1/)(37w7ll(87w)717(3:w))’| + ”Q(s,w,u(s,w)ﬁ(s,w))” : Hz’;(s,w)Hds
t
Trt1
< [o(Ta =) + b+ (s =)+ Qoo [ (s, 0) s, (31)
t
On the other hand, for k € [1 : n], w € W™ and i € S we observe from (U}) that

[T w)ll < 3 wu@elon, w1, i(Temywr, ) - [0(Ti (w30 (32)
W EW

Since ||o(T,w)|| = ||¥(w, u(T,w))|| < Vnax it follows from (31), (32) and Lemma A.3(b) with § £ t)ayx
and ; £ \I'lmax/qybmax that

[5(t, )| < C 6 < (Vmax + T+ Yma) - €257 = vy for all (£, w) € [0,T] x W™, O

Lemma A.5. Suppose that Assumption A.1 is satisfied and let v € D(R?). Then there is a unique solution
i of (E1) subject to (E3) and (E5), and we have i € Reg(M).

Proof. The proof is analogous to (but somewhat simpler than) that of Lemma A 4. O

Proof of Theorem 12. Let T > 0 be as in (28) below Lemma A.3 with the relevant coefficients given by

L

=33
Il

P B:erlax+L@7 §:L¢+17

Q)

(LN}
I

= ng + L@ * Umax 8= LTZ + Qmax + L@ * Umax L,,

o

E:L\IH

and fix m € II.
Step 1: Solution operators. We define

X: D(M) = Reg(RY), X[u] £,

where 7 € Reg(R?) is the unique solution of (E2) subject to (E4) and (E6) given pu € D(M); X is
well-defined by Lemma A.4. Moreover, let

X : D(RY) — Reg(M), x[v] £ p,

where fi € Reg(M) is the unique solution of (E1) subject to (E3) and (E5) given v € D(R%); X is
well-defined by Lemma A.5.

Step 2: Lipschitz continuity of X. Let 1, po € D(M) and set o 2 Y[u1] and 0y 2 Y[us]. Using (LJ) and
(Lg) it follows that for all k € [0 : n] and (t,w) € [Tk, Ti+1) x W" we have

Hv1 (t,w) — va(t H < Hv1 Tet1— w) — 172(Tk+1*7w)H

Tr+1 N
+/ 119 (5,0, 111 (5, ), 81 (5, 0)) — (5,1, iz, w), Bals, w)) || ds
t

~

Tt =
+/t HQ(S,w,ul(s,w),@l(s,w)) - U1(s,w) — Q(s,w,ug(s,w),f)g(s,w)) ~@2(5,w)Hds

S H’Dl(Tk+177w) - 1_)2(T]€+17aw)H + (L vmax) Tk+l 7t ||,U/1 - ,u/2HSup
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Trt1
+ (L&; + Qmax + LQ : Umax) : / Hﬁl (5’ w) - @2(57 w) HdS (33)
¢
On the other hand for k € [1 : n] we obtain from (¥j) and (L) that for every w € W™

(|01 (Th—, w) = Ba(Ti—, w)||

< Z Hk(wk\wh w1, pa (T —, wry,—)) - Hﬁl(Tm (w—g, wg)) — v2(Tk, (w—k7wk))”
w €W

+ Ly - |1 — p2|lsup- (34)
Finally, for w € W™ by (Ly) we have
[01(T, w) = 02(T, w)|| = [[¥(w, pa (T, w)) = U(w, po(T, w))|| < L - [lp = pzllsup- (35)
In view of (33), (34) and (35) it follows from Lemma A.3(b) with 6 £ |1 — p2||sup that
|91 (¢, w) — D2 (¢, w)]| < . |1 — p2llsup  for all (¢,w) € [0,T] x W™,

and thus
[|x[pa] — ;C[M]HSUD = [|o1 — V2lsup < C - |l1 — p2lsup- (36)
Step 3: Lipschitz continuity of X. Let v1,vs € D(R?) and set 1 2 X[v1] and jig 2 X[va]. By (L@) we have
for k € [0:n] and (t,w) € [Tk, Tp+1) X W
(|1 (t, w) = o (t, w) || < || (Th, w) — fia (T, w)]|
t
+/ H/jl(s’w) ' Q(svwaﬂl(svw)vvl(&w)) - ﬂ2(s7w) : Q(S,w,ﬂg(s,IU),’UQ(S,U}))HdS
T
< |1 (Th, w) — fia(Th, w)|| + L - (¢ = Th) - [l — v2lsup

¢
+ (Qmax + L) - / (|21 (s, w) — iz (s, w)||ds. (37)
Ty
On the other hand, by (Lg) we have for k € [1: n] and w € W"

11 (T w) = fo(Th, )| = |k (w, 2 (Th—, w)) = Pre(w, fia (T =, w))|
< Lo - [ (Th—, w) = pia(The— w)| (3%)

Since fi1(0) = fig(0) = my, it follows from (37), (38) and Lemma A.3(a) with § = [[u; — va||sup that
||ﬂ1(t,w) - ﬂ2(t7w)|| <C- Hvl - UQHSUP for all (tvw) € [OaT} X Wn7
and consequently
(| x[v1] - %[WHLUP = |l — fizllsup < C - [Jv1 — v2[sup- (39)

Step 4: Construction of the fized point. Let x : D(M) — Reg(M), x £ X o x and note that by (36) and
(39) we have
Ix[pa] = xlplllsup < C - [lpr — pallop  for all py, po € D(M),

where C' = 5’ . E’ < 1 by (28). Thus Banach’s fixed point theorem yields a unique fixed point p € D(M).
Finally, setting v £ Y[u] € Reg(R%) it follows that u = x[v] € Reg(M) and that (u,v) is a solution of
(E1)-(E6). O



32

References

[Ahul6] S. Ahuja. Wellposedness of mean field games with common noise under a weak monotonicity
condition. SIAM Journal on Control and Optimization, 54(1):30-48, 2016.

[BC18] E. Bayraktar and A. Cohen. Analysis of a finite state many player game using its master equation.
SIAM Journal on Control and Optimization, 56(5):3538-3568, 2018.

[BCCD19|] E. Bayraktar, A. Cecchin, A. Cohen, and F. Delarue. Finite state mean field games with
Wright-Fisher common noise. arXiv:1912.06701, 2019.

[BFY13] A. Bensoussan, J. Frehse, and P. Yam. Mean Field Games and Mean Field Type Control Theory.
SpringerBriefs in Mathematics. Springer, 2013.

[BLL19] C. Bertucci, J.-M. Lasry, and P.-L. Lions. Some remarks on mean field games. Communications
in Partial Differential Equations, 44(3):205-227, 2019.

[BP19] M. Basei and H. Pham. A weak martingale approach to linear-quadratic McKean-Vlasov
stochastic control problems. Journal of Optimization Theory and Applications, 181(2):347-382,
2019.

[CD13] R. Carmona and F. Delarue. Probabilistic analysis of mean-field games. SIAM Journal on
Control and Optimization, 51(4):2705-2734, 2013.

[CD18a] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games with Applications I:
Mean Field FBSDEs, Control, and Games. Springer, 2018.

[CD18b| R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games with Applications II:
Mean Field Games with Common Noise and Master Equations. Springer, 2018.

[CDL13] R. Carmona, F. Delarue, and A. Lachapelle. Control of McKean-Vlasov dynamics versus mean
field games. Mathematics and Financial Economics, 7(2):131-166, 2013.

[CDL16] R. Carmona, F. Delarue, and D. Lacker. Mean field games with common noise. The Annals of
Probability, 44(6):3740-3803, 2016.

[CDL17] R. Carmona, F. Delarue, and D. Lacker. Mean field games of timing and models for bank runs.
Applied Mathematics & Optimization, 76(1):217-260, 2017.

[CF18] L. Campi and M. Fischer. N-player games and mean-field games with absorption. The Annals
of Applied Probability, 28(4):2188-2242, 2018.

[CF20] A. Cecchin and M. Fischer. Probabilistic approach to finite state mean field games. Applied
Mathematics & Optimization, 81(2):253-300, 2020. Published online: 2018-03-12.

[CFS15] R. Carmona, J.-P. Fouque, and L.-H. Sun. Mean field games and systemic risk. Communications
in Mathematical Sciences, 13(4):911-933, 2015.

[CJ19] P. Casgrain and S. Jaimungal. Mean field games with partial information for algorithmic trading,
2019. arxiv:1803.04094.

[CP19a] A. Cecchin and G. Pelino. Convergence, fluctuations and large deviations for finite state mean field
games via the master equation. Stochastic Processes and their Applications, 129(11):4510-4555,
2019.



33

[CP19b] A. Cosso and H. Pham. Zero-sum stochastic differential games of generalized McKean—Vlasov
type. Journal de Mathématiques Pures et Appliquées, 129:180-212, 2019.

[CPFP19] A. Cecchin, P. Dai Pra, M. Fischer, and G. Pelino. On the convergence problem in mean field
games: A two state model without uniqueness. SIAM Journal on Control and Optimization,
57(4):2443-2466, 2019.

[CW17] R. Carmona and P. Wang. An alternative approach to mean field game with major and minor
players, and applications to herders impacts. Applied Mathematics & Optimization, 76(1):5-27,
2017.

[CW18] R. Carmona and P. Wang. A probabilistic approach to extended finite state mean field games.
arXiv:1808.07635, 2018.

[DGG17] J. Doncel, N. Gast, and B. Gaujal. A mean-field game analysis of SIR dynamics with vaccination.
hal:01496885, 2017.

[DGG19] J. Doncel, N. Gast, and B. Gaujal. Discrete mean field games: Existence of equilibria and
convergence. Journal of Dynamics & Games, 6(3):221-239, 2019.

[DLR19] F. Delarue, D. Lacker, and K. Ramanan. From the master equation to mean field game limit
theory: A central limit theorem. FElectronic Journal of Probability, 24(51):54 pp., 2019.

[EHT20] R. Elie, E. Hubert, and G. Turinici. Contact rate epidemic control of COVID-19: an equilibrium
view. arxiv:2004.08221, 2020.

[EIL20] R. Elie, T. Ichiba, and M. Lauriére. Large banking systems with default and recovery: A mean
field game model. arxiv:2001.10206, 2020.

[Fis17] M. Fischer. On the connection between symmetric n-player games and mean field games. The
Annals of Applied Probability, 27(2):757-810, 2017.

[GLL11] O. Guéant, J.-M. Lasry, and P.-L. Lions. Mean field games and applications. In R. Carmona,
E. Cinlar, I. Ekeland, E. Jouini, J.A. Scheinkman, and N. Touzi, editors, Paris-Princeton Lectures

on Mathematical Finance 2010, Lecture Notes in Mathematics, pages 205-266. Springer, 2011.

[GMS10| D.A. Gomes, J. Mohr, and R.R. Souza. Discrete time, finite state space mean field games.
Journal de Mathématiques Pures et Appliquées, 93(3):308-328, 2010.

[GMS13] D.A. Gomes, J. Mohr, and R.R. Souza. Continuous time finite state mean field games. Applied
Mathematics & Optimization, 68(1):99-143, 2013.

[GMS20] V. Grimm, F. Mengel, and M. Schmidt. Extensions of the SEIR model for the analysis of tailored
social distancing and tracing approaches to cope with COVID-19. medRziv, 2020. Preprint,
available at https://www.medrxiv.org/content/10.1101/2020.04.24.20078113v1.

[GS20] D. A. Gomes and J. Satide. A mean-field game approach to price formation. Dynamic Games
and Applications, to appear, 2020.

[Guéels] O. Guéant. Existence and uniqueness result for mean field games with congestion effect on
graphs. Applied Mathematics € Optimization, 72(2):291-303, 2015.

[GVW14] D. Gomes, R.M. Velho, and M.-T. Wolfram. Socio-economic applications of finite state mean
field games. Philosophical Transactions of the Royal Society A: Mathematical, Physical and
Engineering Sciences, 372(2028), 2014.



34

[Hal80]

[Het00]

J.K. Hale. Ordinary Differential Equations. Robert E. Krieger Publishing Company, Inc., 1980.

H. W. Hethcote. The mathematics of infectious diseases. SIAM Review, 42(4):599-653, 2000.

[HLM14] T. Harko, F. S. N. Lobo, and M. K. Mak. Exact analytical solutions of the susceptible-infected-

recovered (SIR) epidemic model and of the SIR model with equal death and birth rates. Applied
Mathematics and Computation, 236:184-194, 2014.

[HMCO06] M. Huang, R.P. Malhamé, and P.E. Caines. Large population stochastic dynamic games: Closed-

[KB16]

[KM17]

[Lac15]

[Lac18]

[LLO7]

loop McKean-Vlasov systems and the Nash certainty equivalence principle. Communications in
Information € Systems, 6(3):221-252, 2006.

V.N. Kolokoltsov and A. Bensoussan. Mean-field-game model for botnet defense in cyber-security.
Applied Mathematics & Optimization, 74(3):669-692, 2016.

V.N. Kolokoltsov and O.A. Malafeyev. Mean-field-game model of corruption. Dynamic Games
and Applications, 7(1):34-47, 2017.

D. Lacker. A general characterization of the mean field limit for stochastic differential games.
Probability Theory and Related Fields, 165(3-4):581-648, 2015.

D. Lacker. On a strong form of propagation of chaos for McKean-Vlasov equations. FElectronic
Communications in Probability, 23(45):11 pp., 2018.

J.-M. Lasry and P.-L. Lions. Mean field games. Japanese Journal of Mathematics, 2(1):229-260,
2007.

[LLLL16] A. Lachapelle, J.-M. Lasry, C.-A. Lehalle, and P.-L. Lions. Efficiency of the price formation

[LT15]

[Mil17]

[MP19]

[Neu20]

[Nut18]

[PW17]

[Wan19]

process in presence of high frequency participants: a mean field game analysis. Mathematics and
Financial Economics, 10(3):223-262, 2016.

L. Laguzet and G. Turinici. Individual vaccination as Nash equilibrium in a SIR model with
application to the 2009-2010 Influenza A (H1N1) epidemic in France. Bulletin of Mathematical
Biology, 77(10):1955-1984, 2015.

J. C. Miller. Mathematical models of SIR disease spread with combined non-sexual and sexual
transmission routes. Infectious Disease Modelling, 2(1):35-55, 2017.

E. Miller and H. Pham. Linear-Quadratic McKean-Viasov Stochastic Differential Games. In: G.
Yin, Q. Zhang (eds.) Modeling, Stochastic Control, Optimization, and Applications (The IMA
Volumes in Mathematics and its Applications), volume 164, pages 451-481. Springer, 2019.

B. A. Neumann. Stationary equilibria of mean field games with finite state and action space.

Dynamic Games and Applications, to appear, 2020.

M. Nutz. A mean field game of optimal stopping. SIAM Journal on Control and Optimization,
56(2):1206-1221, 2018.

H. Pham and X. Wei. Dynamic programming for optimal control of stochastic McKean-Vlasov
dynamics. SIAM Journal on Control and Optimization, 55(2):1069-1101, 2017.

P. Wang. Finite State Mean Field Games. Dissertation, Princeton University, Princeton, NJ,
2019. Available at http://arks.princeton.edu/ark:/88435/dsp01zw12z808g.



