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Abstract

Multilateral price indices are widely used to estimate and compare price levels
across units such as time periods or regions using observed prices and quant-
ities of individual items. Besides ensuring transitivity and reducing chain
drift, these methods are often assumed to mitigate the effects of missing
price observations by exploiting information from multiple comparison units.
This paper argues that this advantage can only be realized if item-level miss-
ingness is independent of the sensitivity of item prices to overall unit price
levels. Recent research has shown that this assumption is frequently violated
in practice, resulting in biased price-level estimates.

To address this issue, the paper develops a simple diagnostic procedure.
For each item, the procedure quantifies the sensitivity of its prices to unit
price levels and measures missingness by the number of absent observations.
The association between price-level sensitivity and missingness is then quan-
tified by the gap pattern coefficient. A non-zero gap pattern coefficient indic-
ates that standard multilateral index methods are likely to produce biased
results. If desired, the analysis can be complemented by a permutation-based
assessment of the statistical significance of the gap pattern coefficient. Monte
Carlo simulations evaluate the performance of the proposed diagnostic pro-
cedure. The paper further presents simulation evidence showing that GEKS

price-level estimates are more sensitive to missing observations than those
obtained from CPD or GK.

JEL-Classification: C43, E31
Keywords: Measurement Bias, Monte Carlo Simulation, Price Index, Scanner
Data, Test



1 Introduction

Multilateral price indices were originally developed to compare the price
levels of different regions in a transitive manner. Over time, their scope of
application was extended to intertemporal price level comparisons. For the
purposes of the present analysis, the distinction between spatial and tem-
poral price level comparisons is immaterial. Both the underlying problem
and the proposed solution apply equally to comparisons across regions and
across periods. Accordingly, the terms regions and periods are replaced by
the more neutral concept of (comparison) units. Multilateral price indices
thus compare the price levels of different units.

The most prominent multilateral price indices include the Gini (1931),
Eltets-Koves (1964), and Szule (1964) (GEKS) approach; the weighted coun-
try product dummy (CPD) regression (referred to as the TPD regression in
an intertemporal context); and the Geary (1958) and Khamis (1970, 1972)
(GK) index. For example, the International Comparison Program (2021,
pp. 29-30) recommends aggregating prices within basic headings (the finest
level of product classification for which expenditure weights are available)
using the CPD regression and aggregating basic headings into overall price
levels using the GEKS approach.

Advocates of multilateral indices argue that, besides ensuring transitiv-
ity and avoiding chain drift, these methods can also mitigate the information
loss caused by missing data. In the present context, a missing observation
is one for which a product was available and price and quantity information
existed but did not enter the dataset. The missing information may consist
of the price, the quantity, or both. Importantly, this definition also includes
periods with zero sales. Although no transaction takes place in such peri-
ods, the prevailing price together with the zero quantity constitutes relevant
information and should be transmitted to the dataset. If this information
is omitted, the observation is regarded as missing. By contrast, products
that were not yet available or were no longer available on the market do
not constitute missing observations, because in these cases neither price nor
quantity information exists. Missing observations may arise from several
sources, including non-response, filtering, transmission errors, and the omis-
sion of intermittent zero-sales periods. Since multilateral indices draw on
information from many units rather than only two, they are better equipped
to cope with missing data.

This paper argues that while this claim is correct in principle, the GEKS
approach, the CPD regression, and the GK index can only achieve this bene-
fit if the number of missing observations of an item is uncorrelated with the
sensitivity of the item’s prices with respect to the price levels of the units.



This absence of correlation is implicitly assumed whenever these multilat-
eral index methods are applied. However, Auer and Weinand (2025, 2026)
demonstrate that this implicit assumption is frequently violated in practice
and that such violations lead to biased CPD and GK price level estimates.
They also explain why the GEKS approach suffers from the same problem.

It is therefore essential, when applying these methods, to examine whether
item-level missingness is related to price-level sensitivity. To enable such an
assessment, this study develops the gap pattern coefficient. It quantifies the
association between price-level sensitivity and missingness. This diagnostic
tool is the paper’s primary methodological contribution.

The gap pattern coefficient is computed in two stages. First it computes
for each item the extent to which its prices respond to variations in the
overall price level of the unit, thereby yielding an item-specific measure of
price-level sensitivity. Item-level missingness is then measured by the number
of absent observations. Finally, the association between price-level sensitivity
and missingness is computed.

If users additionally wish to assess whether the observed gap pattern
could plausibly have arisen by chance, the analysis can be complemented
by the gap pattern test, a permutation-based assessment of the statistical
significance of the gap pattern coefficient.

Beyond developing the proposed diagnostic framework, the paper makes
a second methodological contribution by investigating how incomplete data
affect the robustness of widely used multilateral index methods. The analysis
shows that GEKS price-level estimates are more sensitive to missing obser-
vations than those obtained from CPD or GK. This finding suggests that
data completeness deserves particular attention when GEKS is the preferred
index method. It also highlights the value of diagnostic tools for assessing
missing-data patterns.

The remainder of the paper is organized as follows. Section 2 explains
why an association between missingness and price-level sensitivity leads to
biased price-level estimates. Section 3 introduces a pair-weighted extension
of Kendall’s rank concordance coefficient, 7,, which is used in Section 4 to
formalize the notion of price-level sensitivity and in Section 5 to define the gap
pattern coefficient. Section 6 introduces the gap pattern test and discusses
the applicability and reliability of the gap pattern coefficient and test. Section
7 presents a Monte Carlo simulation framework for evaluating the proposed
diagnostic procedure. Section 8 investigates the robustness of widely used
multilateral index methods to incomplete data. Section 9 concludes.



2 Bias Caused by Gap Patterns

If the number of missing observations differs across units, but within each
unit observations are missing completely at random, this does not introduce
bias in the measurement of price levels. Bias arises, however, when missing
observations vary across items and the prices of these items differ in their
sensitivity to price levels. This issue is illustrated below using a simple
numerical example.

Table 1 reports the prices of the three items Goods, Services, and Housing
for the four units, A, B, C, and D. For simplicity, all observations are assumed
to be equally weighted. Four different scenarios are considered.

Mechanism: Complete  MNAR neg. MNAR pos. MCAR

Unit: ABCD ABCD ABCD ABCD
Goods 55 6 5 5 5 5565 55 5
Services 7889 7889 7889 783
Housing 34618 346 8 6 8 3 6 8
PAB 5 1.508 1.790 1.165 1.548
P&E, 1.508 1.731 1.196 1.565
P4P 1.467 1.626 1.225 1.549

Table 1: A price scenario with four different gap patterns.

In the first scenario, price observations are complete. This scenario there-
fore serves as the benchmark against which the other three scenarios are
evaluated. For the comparison between units A and D, the complete data
yield the bilateral Jevons price index

Unit D therefore exhibits a price level that is 50.8 percent higher than that
of unit A. This number, along with the other Jevons index numbers (P72,
PAC pBC pPBP and PYP) is reported in Table 2.

With complete data, the GEKS-Jevons approach yields exactly the same
result as the Jevons index PyP:

Pibesy = [(PMPIPY - (PBPPP) - (PROPSP) - (PP PPP) Y = 1508 .

The CPD regression also yields this value, whereas the GK index produces
a value of 1.467 (see Table 1).

The scenario “MNAR neg.” refers to “missing not at random” with a neg-
ative relationship between missingness and price-level sensitivity. In Table
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Index Complete MNAR neg. MNAR pos. MCAR

PP 1.150 1.234 1.069 1.069
Ppe 1.340 1.512 1.171 1.512
PP 1.508 1.852 1.134 1.633
PBC 1.216 1.225 1.095 1.000
PBP 1.310 1.310 1.061 1.000
P¢P 1.077 1.225 1.077 1.333

Table 2: Jevons price index values for complete and incomplete data.

1, this scenario results in two missing observations for the item Goods, which
has the lowest price-level sensitivity. Owing to these missing observations, all
bilateral Jevons index values, except PPP . are larger than in the case of com-
plete data (see Table 2). As a result, the GEKS-Jevons approach produces
a higher estimate than in the case of complete data. The findings stated
in Table 1 show that the CPD regression and the GK index suffer from the
same problem.

In the scenario “MNAR pos.”, the sign of the relationship is reversed.
Accordingly, the resulting index values are lower than in the case of complete
data. In the MCAR (missing completely at random) scenario, deviations
from the complete-data case may also occur. However, these deviations are
not systematic.

The numerical illustration demonstrates that multilateral price indices
may be subject to bias when the number of gaps in the underlying dataset
is systematically related to the items’ price-level sensitivity. It is therefore
important to assess whether such a relationship exists in practice. This re-
quires a formal measure of price-level sensitivity and a framework for relating
it to the extent of item-level missingness. Both objectives can be achieved
by concepts derived from Kendall’s (1945) rank concordance coefficient, 7.

3 Pair-Weighted Rank Concordance

Let x = (24),e¢ and y = (y,)4eg denote two variables observed on the com-
mon index set G. For each g € G, the pair (z,,y,) represents one observation.

In scanner datasets, periods with zero sales are typically not recorded, even though
the corresponding price and weighting information for the item would be available. Con-
sequently, these datasets contain missing observations. If zero-sales periods occur ran-
domly, they do not introduce systematic bias. However, if they arise under an MNAR.pos
(MNAR.neg) mechanism, the resulting multilateral price index is biased downward (up-
ward) relative to the case with complete data.



For any two distinct observations indexed by g, h € G with g # h, let wg;, > 0
denote the pair-specific weight that quantifies their joint importance.

This study introduces the coefficient 7, , (2, y)4eg, a pair-weighted exten-
sion of Kendall’s (1945) 7,(x,y)4eg, obtained by replacing the unweighted
counts of concordant, discordant, and tied pairs with weighted pair totals.
Their definition uses the sign functions

sgn(gfz) = sgn(x, — zp) and sgnﬁ) = sgn(yy, — yn) (1)
and the indicator function 1(-), where 1(A) equals one if A is true and zero
otherwise. The weighted concordant and discordant totals are

C= Z w1 <sgn§}? = sgnﬁ) # 0> : (2)
g<h

D = Z wgp 1 (sgn(gg,? =— sgn%) , (3)
g<h

where > g<n denotes the sum over all unordered pairs of distinct elements g
and h in G such that g < h. The weighted tie totals are

T, = Z (O (sgnﬁ) =0, sgné%) #* O) , (4)
g<h

T, = Z Wy 1 (sgnﬁ) # 0, sgné%) = O) : (5)
g<h

Definition 1 The pair-weighted rank concordance coefficient is defined
as

C—-D
C+D+T,)(C+D+T,)’
where C, D, T,, and T, are defined by Eqgs. (1) to (5).

(6)

Tb,’w(xa y)QEQ = \/(

When z and y exhibit a noisy monotonic relationship, randomly re-
moving observations does not change the expected value of the coefficient
To.w (T, Y)geg, although it increases its sampling variability. By contrast, re-
moving all observations above or below a threshold in either x or y reduces the
range of variation and typically attenuates the absolute value of 7, (2, y)4eg
toward zero.

Setting all pairwise weights w,y, (g, h € G) in Egs. (2) to (5) equal to unity
yields Kendall’s ordinary, unweighted concordance coefficient 7,(z,y)4eg-
Whether the weighted or unweighted version is preferable depends on the
context in which the coefficient is applied. In the analysis of a dataset’s

b}



gap pattern, the coefficient is used at two distinct levels. At the lower level,
where the items’ price-level sensitivities are estimated, the unweighted ver-
sion is generally preferable because it assigns equal importance to all units.
At the upper level, where the relationship between price-level sensitivity and
item-level missingness is assessed, the weighted version is often more attract-
ive because it allows greater importance to be attached to economically more
relevant items.

4 Price-Level Sensitivity of Prices

Let r € R := {1,..., R} index units and let i € N := {1,..., N} index
items. The price level in unit r is denoted by P”. The price of item ¢ in unit
r is denoted by p] > 0, the quantity by ¢/ > 0, and the expenditure share
within unit r by w]. The set 'R; contains all units in which item 7 is not
missing.

Definition 2 The estimated price-level sensitivity of item i is defined as

S; = Tb(lnpf,ln Pr) R -Sd(lnpz) 1 eN . (7)

re reR; ’

In the sensitivity measure S;, Kendall’s rank concordance coefficient 7 (-)
and the standard deviation sd (-) are computed across the set of units r € R,
provided that the number of units in set R; is at least as large as some
minimum threshold. If R; is smaller than this threshold, no S;-value is
computed. The only exception arises when at least two observations are
available and all observed prices p; are identical. In this case, the item’s
price-level sensitivity is defined as S; = 0.

The measure S; combines a directional component, captured by Kendall’s
rank concordance coefficient between log item prices and log price levels,
with an amplification component, captured by the dispersion of log item
prices. By construction, the measure assigns low sensitivity to items whose
prices exhibit little systematic comovement with price levels, even if their
idiosyncratic volatility is high, thereby avoiding spurious amplification driven
by noise.

The use of logarithmic prices ensures invariance to changes in currency
and measurement units, while the rank-based directional component provides
robustness to outliers and nonlinear relationships. The resulting measure
preserves an economically meaningful interpretation: positive (negative) val-
ues indicate systematic comovement (countermovement) with the price level,
while the magnitude reflects the extent to which item-level price dispersion
amplifies or dampens price-level variation. As a purely descriptive statistic,



S; does not rely on parametric assumptions, functional-form restrictions, or
distributional approximations.? It summarizes the association between an
item’s prices and the overall unit price level and should therefore not be
interpreted as a causal effect or an elasticity.

The measure S; treats all units equally and does not distinguish between
units with larger and smaller importance. However, if different importance is
to be attached to the units r € R;, expression (7) can instead be based on the
pair-weighted rank concordance coefficient (6). Then, the weighted standard
deviation should be used, where the weights reflect the relative importance
of the units for item .

5 Gap Pattern Coefficient

The price-level sensitivity S; can be embedded in a measure that formalizes
whether item-level missingness, M;, is systematically related to price-level
sensitivity, .S;. Let

P={(p),¢)):ieN, reR}
denote the set of complete data, and let
PCP
denote the subset of actually observed data. The mapping
PP
is assumed to be generated by a stochastic missingness mechanism that is

unit-invariant but possibly item-specific. Let Z! indicate whether (pf,q}) is
observed in P. Accordingly, the number of missing observations of item 4,

M=3"(1- 7)) ®)

reR

may be associated with its price-level sensitivity S;.

When multilateral indices such as GEKS, CPD, or GK are applied to
incomplete data P while ignoring a possible relationship between item-level
missingness M; and price-level sensitivity S;, the resulting price levels are

2An example of a parametric measure of price-level sensitivity is the slope coefficient
in a linear regression of Inp] on In P". Unlike S;, such a measure captures amplifica-
tion but does not separately account for the directional component through a rank-based
concordance measure.



generally biased (as illustrated in Section 2). However, the price-levels’ or-
dinal ranking is less affected. This robustness of the price-level ranking can
be exploited to construct a measure for quantifying systematic deviations
from missing completely at random (MCAR) mechanisms.

To this end, items are ranked according to their price-level sensitivity
S; and, separately, according to their number of missing observations M;.
The pair-weighted rank concordance coefficient, 7, ,,(S;, M;)icnr, is then used
to quantify the dependence between S; and M;. The pairwise weights w;;
reflect the combined importance of items ¢ and j. A natural definition of

these weights is
re€R

Definition 3 The gap pattern coefficient is defined as®
G = Tb,w(Sia Mi)iEN . (9)

A value of G = 0 indicates the absence of a systematic relationship
between price-level sensitivity and missingness in the observed dataset. In
this case, the pattern of data gaps is consistent with random missingness and
supports the reliability of price levels computed using standard multilateral
index methods. A deviation from zero, by contrast, indicates that price-level
sensitivity and missingness are associated in the observed dataset. Since such
an association is precisely the mechanism through which data gaps can in-
duce bias, standard multilateral index methods are likely to produce biased
results and should therefore be interpreted with caution.

6 Statistical Significance

The gap pattern coefficient is primarily a descriptive diagnostic that charac-
terizes the relationship between price-level sensitivity and missingness in the
dataset at hand. Nevertheless, if desired, the analysis can be complemented
by the gap pattern test. This test assesses how unusual the observed gap pat-
tern coefficient, GG, is under a null hypothesis of no systematic relationship
between price-level sensitivity and missingness.

Let G (a = 1,...,A) denote the A permutation replicates of the gap
pattern coefficient. Each replicate is obtained by randomly permuting the
observed missingness measures M; across items while holding the estimated

3When all items have similar relevance, Kendall’s ordinary, unweighted rank concord-
ance coefficient appears preferable.



sensitivity measures S; and the pairwise weights w;; fixed. The permuted
values are then used to compute a synthetic gap pattern coefficient G®. The
collection G, ..., G provides an empirical reference distribution of the
gap pattern coefficient under the null hypothesis of no systematic association
between price-level sensitivity and missingness.

Thus, the default implementation of the test procedure conditions on the
observed distributions of both the sensitivity measures .S; and the missingness
measures M;. The null hypothesis states that the observed pairing of the S;-
and M;-values is random, implying that there is no systematic association
between price-level sensitivity and missingness. Under this null hypothesis,
any permutation of the observed M;-values across items is equally likely.

As an alternative, the test can be implemented using an MCAR bench-
mark resampling procedure. This approach may be useful when the number
of available items is small and the observed distribution of the missingness
measures M; is therefore itself strongly affected by sampling variability. For
each replication, synthetic missingness counts M; 9 are generated under an
MCAR mechanism that preserves the observed overall missing rate by fix-
ing the total number of missing item-unit observations at its observed value
and randomly redistributing these missing observations across the complete
item-unit matrix. The resulting Mi(a)—values are then combined with the
fixed S;-values to obtain a synthetic gap pattern coefficient G,

Consequently, the MCAR benchmark version of the test conditions on
the estimated sensitivity measures .S;, the pairwise weights w;;, the numbers
of items and units, and the observed overall missing rate A. The null hy-
pothesis states that missingness is generated by an MCAR mechanism with
missing rate A\ and is therefore independent of the item-specific price-level
sensitivities. Under this null hypothesis, any observed association between
the S;- and M;-values arises solely from random variation in the missingness
process.

For both implementations of the gap pattern test, the p-value is given by

K41
P="a11

where

K=> (e =c) .
a=1
The null hypothesis is rejected whenever p < a;, where o denotes the chosen
significance level.
The applicability and reliability of the gap pattern coefficient, GG, and the
accompanying gap pattern test depend on several factors. At the highest



level, they depend on the number of items, N, as well as on the variation
in the missingness measures, M;, and the variation and reliability of the
estimated sensitivity measures, .S;. The reliability of the S;-values, in turn,
depends on the number of units in the sets R;, the variation in the observed
prices, pi, and the variation and reliability of the estimated price levels, P".
Finally, the reliability of the estimated price levels depends on the number of
observed items in the respective unit, on the number of observed item-unit
combinations, and on the reliability of the applied multilateral index method.
Consequently, the reliability of the gap pattern coefficient is shaped by the
entire structure of the underlying dataset and not merely by the number
of observed item-unit combinations. The following section addresses these
issues by introducing a Monte Carlo (MC) simulation framework.

7 Monte Carlo Simulation

The simulation serves two purposes. First, it evaluates the ability of the
gap pattern coefficient to detect and characterize systematic relationships
between price-level sensitivity and missingness. Second, it examines the
finite-sample size and power properties of the optional gap pattern test that
is based on this coefficient.

Simulation Design

In real-world settings, the relationship between prices p; and quantities g/
depends on both the context of the comparison (intertemporal or spatial) and
the nature of the dataset. For example, survey data are likely to exhibit dif-
ferent price-quantity relationships than data collected through in-store visits
or scanner records, while web-scraped data typically contain no quantity in-
formation at all. In view of this heterogeneity, the controlled data-generating
process (DGP) of the MC simulation deliberately avoids imposing a specific
relationship between prices and quantities. Instead, all pairwise weights w;;
(i,7 € N) are assumed to be equal to unity and Kendall’s unweighted rank
concordance coefficient is applied.

The simulation assesses the distribution of the coefficients G under al-
ternative N-R combinations, missingness mechanisms (MCAR, MNAR.pos,
MNAR:.neg), missing rates, and constructions of the reference price levels
(GEKS, CPD, GK, and a benchmark case). The numbers of items and units
each take the values

N, R € {10, 20, 60,180} .
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while the overall missing rate varies from 5 percent to 85 percent in steps of
10 percentage points,

A € {0.05,0.15,...,0.85} .

For every combination of these design parameters, L = 2,000 independent
MC replications are performed.

Each replication proceeds in three stages: (1) a complete synthetic price
tableau is generated from unit-specific synthetic price levels, (2) missing ob-
servations are introduced, and (3) the gap pattern coefficient and the corres-
ponding permutation-test p-value are computed. If the incomplete tableau
becomes too sparse, the replication yields no result and is treated as miss-
ing for that parameter configuration. The collection of valid p-values across
replications forms the basis for the empirical assessment of size and power
reported in the next section. The Appendix describes the three stages of the
simulation in detail.

For the gap pattern coefficient, GG, the key question is whether its value
reflects the underlying missingness mechanism. Under MCAR, the coeffi-
cient should be close to zero because price-level sensitivity and missingness
are independent by construction. Under MNAR.pos and MNAR.neg, the
coefficient should move away from zero and correctly reflect the direction of
the underlying relationship. The gap pattern test builds on this coefficient
and therefore inherits its strengths and limitations.

The gap pattern test (permutation approach) examines the null hypo-
thesis that an item’s price-level sensitivity .9; is not related to the number of
missing observations M;. Inference is based on a permutation distribution of
G, yielding one p-value. This value is compared with the chosen significance
level, which is set to @ = 5%. When p < a, the null hypothesis is rejec-
ted. Each application of the gap pattern test yields one permutation-based
p-value. The share of replications leading to a rejection is the rejection rate.

MCAR Results

The MC simulation results relating to the MCAR missingness mechanism
provide evidence on the size properties of the test. Rejections of the null
hypothesis correspond to type I errors. Since the p-values should be approx-
imately uniformly distributed on [0, 1], the rejection rate should be close to
the chosen significance level a.

Monte Carlo results presented in Figure 1 show that rejection rates are
generally close to the nominal significance level of 5% across a wide range
of parameter configurations, including different numbers of items, reference
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units, and overall missing rates. However, there are two peculiarities that
deserve further discussion.
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Figure 1: Monte Carlo rejection rates under MCAR.

The two upper left panels of Figure 1 refer to cases with only R = 10
units and N < 20 items. In these cases, high missing rates lead to undersized
test results. This observation is likely related to the small number of units
in R;. If this number is smaller than the minimum threshold, Kendall’s
rank concordance coefficient, 7, (In pf, In PT)TGRZ,, and therefore the price-level
sensitivity 9;, cannot be computed. As a result, fewer items can be used for
the computation of G, reducing its reliability. In addition, the probability
that an item’s S;-value is not available increases with the item’s missingness
measure M;. This reduces the variation in the M;-values and attenuates
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the absolute value of G toward zero, reducing the rejection rates below the
significance level.

Furthermore, Figure 1 indicates that sensitivities .S; derived from GEKS-
based reference price levels tend to render the test oversized, whereas sens-
itivities based on CPD- or GK-based reference price levels maintain approx-
imately correct test size even for missing rates as high as 85%. Section 8
investigates this phenomenon in greater detail. It shows that the estimated
sensitivities S; of items with low missingness M; tend to be inflated relat-
ive to those of items with high missingness and that this effect is stronger
for GEKS than for CPD and GK. This mechanism gives rise to a spurious
negative relationship between estimated price-level sensitivity and missing-
ness even when no such relationship exists in the underlying data-generating
process. This problem becomes more pronounced as missing rates increase.

MNAR.pos Results

Under MNAR.pos, price-level sensitivity, S;, and missingness, M;, are pos-
itively related. Thus, the gap pattern coefficient is expected to be positive.
The simulation therefore examines whether the gap pattern coefficient cor-
rectly identifies this relationship and whether the corresponding test is able
to reject the null hypothesis. Rejections reflect the power of the gap pattern
test, while non-rejections correspond to type II errors.

Figure 2 reports the rejection rates. They reveal three clear patterns that
warrant further discussion.

First, the test becomes increasingly effective at detecting systematic re-
lationships between price-level sensitivity and missingness as the amount of
information increases. The test relies on estimating product-specific price-
level sensitivities. When only a small number of items or units is available,
these sensitivities are estimated imprecisely and only few informative com-
parisons contribute to the gap pattern coefficient. Consequently, the power of
the test is limited for designs with few items and units, even though the em-
pirical size remains close to the nominal level under MCAR. With sufficiently
large numbers of items and units and moderate missing rates, rejection rates
increase and approach unity.

Second, rejection rates are generally highest at moderate levels of missing-
ness. When the missing rate is too low, the relationship between missingness
and sensitivity is relatively weak and therefore difficult to detect. As the
missing rate increases, the signal becomes stronger and rejection rates rise.
Beyond a certain point, further increases in missingness reduce the number
of observed price comparisons available for estimating the product-specific
sensitivities S;. Consequently, the gap pattern coefficient becomes noisier
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Figure 2: Monte Carlo rejection rates under MNAR.pos.

and rejection rates decline.

Third, the oracle-based version of the test consistently achieves the
highest rejection rates. Since the oracle price levels are observed without
estimation error, the corresponding sensitivity measures are estimated most
accurately. However, the oracle-based procedure serves solely as a bench-
mark because the true price levels are unavailable in empirical applications.
Among the feasible approaches, the CPD-based version generally performs
best, followed by the GK-based version, while the GEKS-based version tends
to exhibit the lowest rejection rates. Part of this performance gap reflects
the spurious negative relationship between the estimated sensitivity measures
S; and the missingness measures M; that became visible under the MCAR
mechanism. Under the present MNAR.pos mechanism, this artificial negat-
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ive component counteracts the true positive relationship between S; and M;
and thereby reduces the power of the GEKS-based test.

MNAR.neg Results

Under MNAR.neg, the coefficient is expected to be negative because items
with higher price-level sensitivity tend to exhibit fewer missing observations.
The simulation therefore evaluates whether the coefficient correctly captures
this inverse relationship and whether the corresponding test possesses suffi-
cient power.

Figure 3 reports the results. The general patterns are similar to those
observed under the positive MNAR mechanism. Rejection rates increase
substantially with both the number of items, N, and the number of units,
R, indicating that the gap pattern test is able to detect systematic negative
relationships between sensitivity and missingness with increasing reliability
as the amount of available information grows. As before, rejection rates tend
to be highest at intermediate missing rates.

The oracle-based version of the test again provides the natural bench-
mark. Among the feasible approaches, the GEKS-based version yields higher
rejection rates than the CPD- and GK-based versions. This apparent advant-
age of GEKS should be interpreted with caution. Because the oracle price
levels are free of estimation error, the resulting sensitivity measures are not
affected by distortions arising from the estimation of reference price levels.
In contrast, GEKS-based price levels tend to induce a spurious negative rela-
tionship between the estimated sensitivity measures S; and the missingness
measures M; (see Section 8). Under the present MNAR.neg mechanism,
where the true relationship is also negative, this artificial component rein-
forces the genuine signal and thereby increases rejection rates. Consequently,
the superior performance of the GEKS-based test in this setting does not ne-
cessarily reflect a more accurate recovery of the underlying gap pattern.

Further Results

A comparison of Figures 2 and 3 reveals a striking asymmetry. The oracle-
based curves under MNAR.pos and MNAR.neg are very similar, whereas for
each of the feasible price-level methods (GEKS, CPD, and GK) the rejection-
rate curve under MNAR.neg consistently lies above the corresponding curve
under MNAR.pos. This difference is consistent with the spurious negative
relationship between estimated sensitivity and missingness that arises when
estimated rather than oracle price levels are used. The effect is particularly
pronounced for GEKS but is also visible, albeit to a lesser extent, for CPD
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Figure 3: Monte Carlo rejection rates under MNAR .neg.

and GK (see Section 8).

Overall, the simulation study demonstrates that the proposed gap pat-
tern test has well-controlled size under MCAR and substantial power un-
der both MNAR mechanisms, provided that the dataset contains sufficiently
many items and reference units. Among the feasible approaches, CPD- and
GK-based reference price levels generally appear preferable to GEKS-based
reference price levels, as they are less prone to induce a spurious negat-
ive association between estimated price-level sensitivity and missingness and
therefore provide more balanced size and power properties.

Beyond evaluating the proposed gap pattern methodology, the MC simu-
lations also reveal systematic differences between the multilateral estimation
methods. These results indicate that GEKS, CPD, and GK differ in their
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sensitivity to incomplete data. The following section investigates this issue
by comparing the influence of individual items on the estimated price levels
obtained from the three methods.

8 Robustness of Multilateral Price-Level
Estimators under Incomplete Data

[tems with relatively few missing observations exert a stronger influence on
the estimated price-level vector than items with many missing observations.
In the following simulation experiment, the systematic difference in influence
between well-observed items and poorly observed items (hereafter referred to
as influence asymmetry) turns out to be more pronounced for GEKS(-Jevons)
than for CPD and GK. This finding implies that GEKS price-level estimates
are more sensitive to the loss of item information than those obtained from
CPD or GK.

The simulation experiment starts from a complete price tableau generated
according to the linear data-generating process

Inp; =a+ 5 InP" +¢;,

where P" denotes the true unit price level, §; determines the price-level sens-
itivity of item ¢, and €] is an idiosyncratic disturbance term. The parameters
were set to N = 60 items, R = 60 units, « = 0.5, 5; ~ N(1,0.5%), and
e’ ~ N(0,0.3%). Missing observations were then introduced by an MCAR
mechanism with missing rates ranging from 0.15 to 0.85 in increments of
0.10.

For each missing-rate scenario and for each index method (GEKS, CPD,
and GK), price levels were first estimated using the incomplete dataset. Sub-
sequently, a leave-one-item influence analysis was carried out. Specifically,
for each item i, the corresponding observations were removed completely
from the dataset, the price levels were re-estimated, and the resulting change
in the price-level vector was recorded.

Influence can be assessed from different perspectives. The first measure
quantifies the effect of removing an item on the numerical values of the es-
timated price levels. The second measure evaluates how strongly the removal
of an item alters the ranking of the estimated price levels.

First Measure: For each item i, the influence measure

sd” = sd (InP™™ — In Pﬁ’Z")reR

was computed, where In P™™ denotes the estimated log price level of unit
r obtained with method m € (GEKS, CPD, GK) and In P"" denotes the
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corresponding estimate obtained after removing item ¢. Larger values of sd;"
indicate a stronger influence of item 7 on the estimated price levels.

For each missing-rate scenario, Kendall’'s rank concordance coefficient
between the influence measure sd;" and the item-specific missingness level
M; was computed: 7, (sd*, M;) :en - These coefficients were averaged across
Monte Carlo replications.

Figure 4 reports the results. The coefficient 7, (sd}", M;) is negative for all
three methods, indicating that items with fewer missing observations gener-
ally exert a larger influence on the estimated price levels. However, the rela-
tionship is substantially stronger for GEKS than for CPD and GK. Moreover,
the difference becomes increasingly pronounced as the overall missing rate
rises. At a missing rate of 0.85, the GEKS coefficient exceeds —0.5, whereas
the corresponding CPD and GK coefficients remain just below —0.3. This
suggests that the influence of well-observed items on the estimated price
levels is larger under GEKS than under CPD or GK.
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Figure 4: Comparison of the relationship between item missingness and item
influence on the estimated price levels P" across alternative index methods,
measured by Kendall’s rank concordance coefficient 7, (sdi”, M;),c -

Second Measure: The influence of removing item ¢ was computed by
Kendall’s rank concordance coefficient between the original and leave-one-
item-out price-level vectors:

m o __ T,m r,m
Tys = Tb (lnP ,In P~ )TeR.
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Since these coefficients are expected to be close to 1, the ranking influence
of item i was then measured by (1 — 77;). Again, larger values indicate a
stronger influence of item ¢ on the estimated price-level ranking.

For each missing-rate scenario, Kendall’s rank concordance coefficient
Ty ((1 — ng), Mi)ie v Was computed and averaged across Monte Carlo rep-
lications. Figure 7?7 shows the results. Again, the relationship is markedly
more negative for GEKS than for CPD and GK confirming the conjecture
that GEKS assigns disproportionately greater influence to items with low
missingness.
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Figure 5: Comparison of the relationship between item missingness and item
influence on the estimated price levels P" across alternative index methods,
measured by Kendall’s rank concordance coefficient 7, ((1 — Tg;) ’Mi)ie v

The two influence measures quantify different aspects of the effect of item
removal—changes in the numerical values and changes in the ranking of the
estimated price levels. Despite their conceptual differences, both measures
lead to the same conclusion: GEKS exhibits substantially stronger influence
asymmetry than CPD and GK, implying that the estimated GEKS price
levels depend more heavily on well-observed items and are more sensitive to
the loss of information from individual items. From a practical perspect-
ive, this suggests that data completeness deserves particular attention when
GEKS is the preferred index method and that diagnostic tools for assessing
missing-data patterns are especially valuable in conjunction with GEKS-
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based analyses.

The degree of influence asymmetry between GEKS on the one hand and
CPD and GK on the other hand is also relevant for the gap pattern coefficient
because the prices of influential items tend to be more closely aligned with
the estimated price levels than the prices of less influential items. This closer
alignment may result in a larger sensitivity measure, S;, thereby potentially
inducing a spurious negative relationship between item-level missingness, M;,
and estimated price-level sensitivity, S;, even under an MCAR mechanism.
Accordingly, under an MCAR mechanism, a stronger influence asymmetry
should induce a more pronounced negative bias in the gap pattern coeffi-
cient and, consequently, a higher rejection rate of the null hypothesis. Under
MNAR.neg, the same mechanism should reinforce the true negative relation-
ship between missingness and price-level sensitivity, thereby increasing the
power of the gap pattern test. Conversely, under MNAR.pos, the spurious
negative relationship should partially offset the true positive relationship,
resulting in a lower rejection rate. The Monte Carlo simulations reported in
Figures 1 to 3 of Section 7 are consistent with this interpretation.

9 Concluding Remarks

This paper has argued that the ability of multilateral price index methods
to mitigate the effects of missing price observations depends critically on
an assumption that is usually left implicit: item-level missingness must be
independent of the sensitivity of item prices with respect to overall unit
price levels. When this condition is violated, systematic bias may arise in
the estimated price levels obtained from methods such as GEKS, CPD, and
GK.

To diagnose such situations, the paper introduced the gap pattern coeffi-
cient, a descriptive measure that quantifies the association between item-level
missingness and price-level sensitivity. A value close to zero indicates that
missingness and sensitivity are largely unrelated, whereas larger positive or
negative values indicate increasingly systematic gap patterns and therefore
a greater potential for bias in multilateral price-level estimates. The sign
of the coefficient additionally reveals whether missingness is concentrated
among items with relatively high or relatively low price-level sensitivity.

The paper also proposed the gap pattern test, a permutation-based pro-
cedure for assessing the statistical significance of the gap pattern coefficient.
For practical price measurement, however, statistical significance is often of
secondary importance. The primary question is whether the observed dataset
exhibits a systematic association between price-level sensitivity and missing-

20



ness and therefore contains a gap pattern that may distort the estimated price
levels. This information is provided directly by the gap pattern coefficient.

The Monte Carlo simulations provide evidence on both the diagnostic
performance of the gap pattern coefficient and the finite-sample properties
of the accompanying gap pattern test. The results show that the coefficient is
capable of detecting both positive and negative relationships between price-
level sensitivity and missingness and that its reliability improves substan-
tially as the numbers of items and units increase. The simulations further
demonstrate that GEKS price-level estimates are intrinsically more sensitive
to missing observations than those obtained from CPD and GK because they
assign relatively greater influence to well-observed items. As a consequence,
GEKS-based reference price levels are more prone to inducing a spurious neg-
ative association between estimated price-level sensitivity and missingness,
particularly at higher missing rates.

More generally, the gap pattern coefficient provides a practical diagnostic
tool for evaluating whether the missing-data structure of a dataset is likely
to compromise the reliability of multilateral price comparisons. By making
the relationship between missingness and price-level sensitivity explicit, the
coefficient offers a simple way to assess an important source of bias that is
otherwise difficult to detect.

If an association between price-level sensitivity and missingness is detec-
ted, the resulting price-level estimates should be interpreted with caution.
Alternative multilateral index methods that explicitly account for such de-
pendence structures may then be preferable. For example, Auer and Wein-
and (2025, 2026) propose a nonlinear extension of the CPD regression that
accommodates systematic relationships between missingness and price-level
sensitivity. A simpler alternative is to use the gap pattern coefficient to par-
tition items into groups with similar price-level sensitivities and then apply
the chosen multilateral index method separately within each group. Provided
that the resulting group-level price estimates contain few or no missing obser-
vations, or that the sensitivity of the group-level price estimates with respect
to the overall price levels is uncorrelated with the number of missing observa-
tions within the groups, the same multilateral index method can subsequently
be used to aggregate the group-level results into an overall estimate. In this
way, the gap pattern coefficient can serve not only as a diagnostic tool but
also as a guide for constructing more robust multilateral price-level estimates
in the presence of non-random missingness.
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Appendix: Three Stages of the MC Simulation

This appendix spells out the three stages of the MC simulation.

Stage 1: DGP

The starting point of the DGP are synthetic unit-specific price levels P for
r € R. They serve as latent oracle price levels and are drawn independently
from the following log-normal distribution:

— 0'2
InP" ~ N(—Tp, 0123) , reR.

To ensure that E(P") = 1, the normal distribution’s variance is set to 0% =
0.2.

For generating item-level prices, a linear DGP is used where the log price
levels In P" enter directly into the generation of item-level prices. The log
price of item ¢ in unit r is generated according to

Inpl =a; + B In P+ ¢l (10)

with the item-specific intercepts, «;, and price-level elasticities, (3;, stochastic-
ally generated by

Q; ~ N(ameana Oéd) and B@ ~ N(ﬁmeam 52d> : (11)

The item-specific idiosyncratic error term in Eq. (10), &7, is determined by

el ~ N(0,02,), r=1,...,R, (12)
where
Oci = 0 Uy (13)
and
U; ~ U(mmina mmax) . (14)

The noise factor o. in Eq. (13) is constant across units and items, while the
parameters My, and Mmpy., denote the lower and upper bounds of the item-
specific multiplicative noise factor u;. Thus, the variance 052,1- of the error
term, e, may differ across items, but is constant across units for a given
item.

The observed price is then obtained as

pi = exp(lnp) ,
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with a negligible lower bound imposed in the code to avoid numerical prob-
lems. This specification implies that items differ in the strength with which
their prices respond to the latent unit-specific price level, P".

The following parameter values are used in the linear DGP: ayean = 0,
sqg = 0.5, Brmean = 1, fsa = 0.5, 0. = 0.6, Mpin = 0.3, and My = 2.3.

Stage 2: Missingness Mechanisms

Starting from the complete synthetic tableau of N - R prices, missing ob-
servations are introduced in a second stage. Three missingness mechanisms
are considered: missing completely at random (MCAR), missing not at ran-
dom with positive dependence on price-level sensitivity (MNAR.pos), and
missing not at random with negative dependence on price-level sensitivity
(MNAR.neg).

Let Z] indicate whether the price of item ¢ in unit 7 is observed. Under
MCAR, all observations are retained independently with common probability
(1 — \), where A € (0,1) denotes the target missing rate.

Under the two MNAR mechanisms, the probability that an observation is
missing depends on the item-specific sensitivity parameter ;. More precisely,
the missing probability is generated according to

1
1+ exp[—(a+08;)]

where b > 0 under MNAR.pos and b < 0 under MNAR.neg. This spe-
cification is item-specific but unit-invariant. Conditional on (;, the same
observation probability applies to item ¢ in every unit. The intercept a is
chosen such that the resulting average missing rate equals the target value .
Choosing the intercept a in this way ensures that all three mechanisms gen-
erate the same average missing rate, thereby facilitating a direct comparison
of their effects.
Observation indicators are then generated according to

m(B3;) =

Pr(Z =1) =1 — 1(3).

Under MNAR.pos, items with higher price-level sensitivity are more likely to
be missing, whereas under MNAR.neg, items with lower price-level sensitivity
are more likely to be missing.

Stage 3: Gap Pattern Coefficient and Test

The gap pattern coefficient requires, in addition to the incomplete price
tableau, a reference vector of price levels, P", against which item-specific
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sensitivities of the prices p] are measured. For each of the three incomplete
tableaus (MCAR, MNAR.pos, and MNAR.neg), four alternative reference
vectors are considered: (1) the oracle price level vector given by the latent
synthetic price levels (P" = P"); (2) the GEKS-Jevons-based price levels; (3)
the CPD-based price levels; and (4) the GK-based price levels. This setup
yields twelve cases. For each case, the gap pattern coefficient is computed
and the associated test is conducted. This approach provides insight into
whether the performance of the procedure depends on whether the reference
vector of price levels is observed without error (oracle) or is instead estimated
from incomplete data.
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