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Objectives and model assumptions

Objectives

• We seek to derive equations of a model economy consisting of

• An expectational forward looking IS curve (demand side).
• A forward looking New Keynesian Phillips curve (supply side).

• These equations characterize the monetary transmission mechanism.

• Both equations are derived from optimizing economy‘s agents.

• Hence, those micro-founded curves overcome shortcomings of the
traditional AS-AD model.

• They are derived from primitive tastes and technology assumptions.
• They comprise forward looking behaviour of agents.

• This model represents state of the art macroeconomic modeling.
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Objectives and model assumptions

Economy‘s agents

• Households

• Supply labor
• Purchase goods for consumption
• Gain utility by consuming goods
• Suffer disutility from working

• Firms
• Hire labor
• Produce and sell goods
• Face goods market with monopolistic competition according to Dixit

and Stiglitz (1977)

• Monetary authority
• Controls nominal interest rate
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Objectives and model assumptions

Agents‘ behaviour

• Households decide on their consumption behaviour in order to
maximize their expected present value of utility.

• They decide between different consumption goods
• They allocate between consumption, money- or bond holding and

leisure time
• Firms maximize their profits

• They calculate optimal prices
• But they face staggered price setting

• In our simplified model the monetary authority sets the nominal
interest rate according to a simple rule or reaction function

• Alternatively, such a policy rule could be justified using a loss
function of the central bank
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Objectives and model assumptions

Model overview

Households

Monetary authori ty
(central bank)

Firms

directly controls the
nominal interest rate i

supply good cjsupply labor N

hold bonds B
with interest rate ihold money M

pay price pjpay wage W

Figure: Short representation of model‘s agents
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Objectives and model assumptions

General strategy

• To derive model‘s structural equations we look at optimizing
behaviour of households and firms.

• Then equations are derived according to the following schedule.
1 Agents optimize utility or profits respectively subject to a constraint.
2 Occasionally first-order conditions are combined or rearranged.
3 Optimality conditions are log-linearized around a steady state.
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Households

Household‘s intertemporal utility function

• Households‘ behaviour is analysed assuming one representative
household.

• This household‘s preferences are described by the following
intertemporal utility function:

Et
∞

∑
i=0

βi

 C1−σ
t+i

1− σ︸ ︷︷ ︸
consumption

+
γ

1− b

(
Mt+i
Pt+i

)1−b

︸ ︷︷ ︸
real money holding

− χ
N1+η

t+i
1+ η︸ ︷︷ ︸

working time

 (1)
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Households

Composite consumption good

• The composite consumption good consists of differentiated goods.

• Each good is produced and sold by monopolistically competitive
firms.

• It is assumed that there exists a continuum of firms that sum to 1.

• Firm j produces consumption good cj .

• All single consumption goods sum to the composite consumption
good:

Ct =

 1∫
0

c
θ−1

θ
jt dj

 θ
θ−1

(2)

with price elasticity of demand θ > 1.
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Households Optimal consumption decision

Contents

1 Objectives and model assumptions

2 Households
Optimal consumption decision
Optimal allocation decision

3 Firms
Flexible prices
Sticky prices

4 The New Keynesian Phillips curve

5 The IS curve
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Households Optimal consumption decision

Choosing between consumption goods

• Household‘s decision problem is to. . .
. . . decide intratemporally between different consumption goods cj

. . . choose intra- and intertemporally between Ct , Nt and Mt

• Algebraically the first problem is given by

min
cjt

1∫
0

pjtcjt dj

subject to (∫ 1

0
c

θ−1
θ

jt

) θ
θ−1
≥ Ct , (3)

where pjt denotes the price of consumption good j .
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Households Optimal consumption decision

Household‘s Lagrange problem I

• One technique to solve constrained optimization problems is the
Lagrange approach.

L =
∫ 1

0
pjtcjtdj + χt

[
Ct −

(∫ 1

0
c

θ−1
θ

it dj
) θ

θ−1
]

(4)

∂L
∂cjt

= pjt − χt

[∫ 1

0
c

θ−1
θ

jt

] θ−(θ−1)
θ−1

c
θ−1−θ

θ
jt

!
= 0

• Rearranging terms and simplifying yields (after some “straightforward
algebra”):

cjt =

(
pjt
Pt

)−θ [∫ 1

0
c

θ−1
θ

jt dj
] θ

θ−1

︸ ︷︷ ︸
=Ct (see (2))

=⇒ Interpretation?
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Households Optimal allocation decision
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Households Optimal allocation decision

Optimal allocation of Ct , Nt , Mt and Bt

• The second decision is to optimally choose consumption, labor supply,
money and bond holdings subject to the household‘s budget.

• Hence, the representative household maximizes

Et
∞

∑
i=0

βi

[
C1−σ

t+i
1− σ

+
γ

1− b

(
Mt+i
Pt+i

)1−b
− χ

N1+η
t+i

1+ η

]
(5.46)

subject to the following budget constraint

Ct +
Mt
Pt

+
Bt
Pt

=

(
Wt
Pt

)
Nt +

Mt−1
Pt

+(1+ it−1)
(

Bt−1
Pt

)
+Πt (5)

• The household gains utility from consumption Ct and from real
money holdings Mt/Pt (money in the utility function).

• It experiences disutility from working Nt .
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Households Optimal allocation decision

Household‘s Lagrange problem II

• Again we use the Lagrange approach to solve the constrained
problem:

L = Et
∞

∑
i=0

βi

{
C1−σ

t+i
1− σ

+
γ

1+ b

(
Mt+i
Pt+i

)1−b
− χ

N1+η
t+i

1+ η

+ λt+i

[(
Wt+i
Pt+i

Nt+i

)
+

Mt−1+i
Pt+i

+ (1+ it−1+i )

(
Bt−1+i
Pt+i

)
+ Πt+i

−Ct+i −
Mt+i
Pt+i

− Bt+i
Pt+i

]}

• The representative household chooses consumption, labor supply,
money and bond holding optimally.
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Households Optimal allocation decision

First order conditions

• Algebraically we compute the following FOC:

∂L
∂Ct

= C−σ
t − λt

!
= 0 (I)

∂L
∂Nt

= −χNη
t + λt

(
Wt
Pt

)
!
= 0 (II)

∂L
∂Mt

= γM−b
t

1
P1−b

t
+ Et

(
βλt+1

1
Pt+1

)
− λt

1
Pt

!
= 0 (III)

∂L
∂Bt

= Et

[
βλt+1 (1+ it)

1
Pt+1

]
− λt

1
Pt

!
= 0 (IV)

• Note, given all information in period t EtXt = Xt
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Households Optimal allocation decision

• Rearranging first-order conditions yields:

U ′ (Ct) = β (1+ it)Et

[
Pt

Pt+1
U ′ (Ct+1)

]
. (6)

• (6) represents the Euler condition for optimal intertemporal allocation
of consumption.

(
Mt
Pt

)−b

C−σ
t

=
it

1+ it
(7)

• (7) sets the MRS between money and consumption equal to the
opportunity costs of holding money.

χNη
t

C−σ
t

=
Wt
Pt

(5.54)

• (5.54) sets the MRS between leisure and consumption equal to the
real wage.
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Firms
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Firms

Characterization of firms

• Firm‘s objective is to maximize profits.

• For this purpose they produce goods.

• The production process is described by the following production
function:

cjt = ZtNjt ,

where Njt is labor input for good j and Zt denotes an aggregate
productivity factor.

• The production function has constant returns to scale.

• Note, this production function ignores capital as input factor.

• This is explained by a fixed capital stock in the short run.
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Firms

Characterization of firms

• Household‘s demand curve was given by

cjt =

(
pjt
Pt

)−θ

Ct (8)

• Price stickyness is modeled using Calvo (1983) staggered price
setting.

• Each period a fraction 1−ω of all firms adjust their prices optimally.

• The residual fraction ω are not able to adjust prices this period.

• Firms are randomly selected to belong to either fraction.

• Profits at date t + s are affected by the choice in t only if the firm
does not receive another opportunity to adjust prices between t and
t + s.
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• Firms are randomly selected to belong to either fraction.

• Profits at date t + s are affected by the choice in t only if the firm
does not receive another opportunity to adjust prices between t and
t + s.
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Firms

Firms’ optimization problem

• Firms first decide about their labor input to minimize costs subject to
producing a fixed amount

min
Nt

(
Wt
Pt

)
Nt︸ ︷︷ ︸

costs

+ϕt (cjt − ZtNjt)︸ ︷︷ ︸
production function

where ϕt is equal to the firm‘s marginal cost.

• Taking the derivative with respect to Nt yields

Wt
Pt

+ ϕtZt
!
= 0

ϕt =
Wt/Pt

Zt
(5.55)
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Firms

Firms’ optimization problem

• Firm j sets its price in period t to maximize

Et
∞

∑
i=0

ωi ∆i ,t+i


revenues︷ ︸︸ ︷(
pjt

Pt+i

)
cjt+i −

costs︷ ︸︸ ︷
ϕt+icjt+i


︸ ︷︷ ︸

profits in period t+i

,

where ∆i ,t+i = βi
(

Ct+i
Ct

)−σ
denotes a discount factor
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Firms Flexible prices

The case of flexible prices

• Now consider the case of flexible prices, i.e. ω = 0.

• If all firms are able to adjust prices the optimal price satisfies:(
p∗t
Pt

)
=

(
θ

θ − 1

)
︸ ︷︷ ︸
≡µ

ϕt = µϕt (9)

where µ > 1 (since θ > 1).

• We arrive at the standard result for monopolistic competition:
• Firms set p∗t equal to a markup over marginal cost.
• In this case output will be inefficiently low

• When prices are flexible, all firms charge the same price, thus
p∗t = Pt and ϕt = 1/µ
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Firms Flexible prices

The case of flexible prices

• Using the definition of real marginal cost (5.55), this means:

Wt
Pt

=
Zt
µ

• Furthermore, in equilibrium we must have that the MRS between
leisure and consumption must equal real wages.

• Thus, using first order condition (5.54) yields:

Wt
Pt

=
Zt
µ

=
χNη

t
C−σ

t
(10)
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Firms Sticky prices

The case of sticky prices

• Now consider the case of sticky prices, i.e. ω > 0.

• For optimal pricing each firm takes into account current and expected
future marginal cost whenever it has the opportunity to adjust its
price.

• (9) states this optimal price relative to the aggregate price index Pt .

• Pt is defined as the average between adjusting and nonadjusting
firms.

• Nonadjusting firms have to charge last period‘s price.

• Since firms are selected randomly nonadjusters average price is Pt−1
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Firms Sticky prices

The case of sticky prices

• The price index in period t is given by

P1−θ
t = (1−ω) (p∗t )

1−θ + ωP1−θ
t−1 (11)

• Log-linearizing the price index and the firms’ optimality conditions
(with respect to the price) yields:(

ω

1−ω

)
πt = (1−ωβ) ϕ̂t + ωβ

(
1

1−ω

)
Etπt+1
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The New Keynesian Phillips curve
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The New Keynesian Phillips curve

New Keynesian Phillips curve

• Multiplying both sides by (1−ω) /ω yields a representation of the
New Keynesian Phillips curve with firm‘s marginal cost ϕ̂t

πt = κ̃ ϕ̂t + βEtπt+1 (12)

where
κ̃ =

(1−ω) (1−ωβ)

ω
. (13)

• Different to traditional versions marginal cost is the driving variable.

• The inflation process is forward looking.
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The New Keynesian Phillips curve

New Keynesian Phillips curve

• Solving (12) forward gives

πt = κ̃ ϕ̂t + βEtπt+1

πt = κ̃ ϕ̂t + βκ̃Et ϕ̂t+1 + β2Etπt+2
...

πt = κϕ̂t + βκ̃Et ϕ̂t+1 + β2κ̃Et ϕ̂t+2 + · · ·+ βnEtπt+n

πt = κ̃
n

∑
i=0

βiEt ϕ̂t+i + βn+1Etπt+n+1

• Letting n approach infinity yields

πt = κ̃
∞

∑
i=0

βiEt ϕ̂t+i
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The New Keynesian Phillips curve

New Keynesian Phillips curve

• Thus, inflation is a function of the present discounted value of
current and future real marginal costs.

• Compared to traditional Phillips curves (12) is derived using a model
of optimizing agents:
⇒ Changes in basic preference parameters also affect the Phillips curve.
• Example 1: Firms give more weight to future expected profits (β ↑).
⇒ Inflation becomes less sensitive to current marginal cost (κ̃ ↓).
• Example 2: Increased price rigidity (ω ↑).
⇒ Inflation also becomes less sensitive to current marginal cost (κ̃ ↓)

• Different to traditional Phillips curves inflation depends on real
marginal cost rather then a measure of the output gap or the
unemployment rate.

• But marginal cost can also be related to an output gap measure.
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• Compared to traditional Phillips curves (12) is derived using a model
of optimizing agents:
⇒ Changes in basic preference parameters also affect the Phillips curve.
• Example 1: Firms give more weight to future expected profits (β ↑).
⇒ Inflation becomes less sensitive to current marginal cost (κ̃ ↓).
• Example 2: Increased price rigidity (ω ↑).
⇒ Inflation also becomes less sensitive to current marginal cost (κ̃ ↓)

• Different to traditional Phillips curves inflation depends on real
marginal cost rather then a measure of the output gap or the
unemployment rate.

• But marginal cost can also be related to an output gap measure.
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The New Keynesian Phillips curve

An alternative Phillips curve representation:

• Log-linearizing the equilibrium condition for the labor market and the
production function yields:

πt = βEtπt+1 + κxt (14)

where
κ = γκ̃ = γ

1−ω

1− βω
and xt ≡ ŷt − ŷ f

t
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The IS curve

Contents

1 Objectives and model assumptions

2 Households
Optimal consumption decision
Optimal allocation decision

3 Firms
Flexible prices
Sticky prices

4 The New Keynesian Phillips curve

5 The IS curve

Günter W. Beck () Monetäre Märkte und Zinsbildung 18. Juni 2010 31 / 32



The IS curve

IS curve

• To derive the IS relationship of the economy we log-linearize the
Euler equation.

• This yields:

x̂t = Et x̂t+1 −
(
1
σ

)
(ı̂t − Etπt+1) + ut . (15)

=⇒ IS curve.
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